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Abstract. The design of flexible and semi-rigid pavements by applying mechanistic-empirical methods involves the 
determination of the stress and strain states in accordance with the assumptions of continuum mechanics. Advanced 
computational models should take into account the rheological properties of asphalt layers. Precise identification of 
visco-elastic parameters of asphalt aggregate mixtures requires a lot of expensive laboratory experiments. The objective 
of this paper is to propose a new method allowing the identification of visco-elastic constitutive parameters based only 
on the mixture composition. The effectiveness of the proposed approach is exemplified in the paper by numerical calcu-
lations. Two linear rheological models were analyzed: the classical Burgers model and the Huet-Sayegh model described 
by fractional derivatives. Constitutive parameters of both models were obtained from the appropriate optimization algo-
rithms and numerical techniques for determining inverse Laplace transforms. 
Keywords: asphalt pavements, asphalt-aggregate mixtures, mechanistic-empirical design, constitutive models, rheology, 
visco-elasticity, Laplace transforms, curve fitting.

Introduction

Degradation of road pavement structures is a very com-
plex process. Because of the difficulty of modeling this 
phenomenon, empirical design methods are usually used. 
Empirical methods require long-term observations of 
roads built and operated under certain conditions (the ma-
terial used, the subsoil, traffic load, weather conditions, 
etc.). The main difficulty in the application of empiri-
cal methods is taking into account any differences with 
respect to the typical conditions in which they were de-
veloped. 

Therefore, a more universal group of methods in 
use are so-called mechanistic-empirical methods (Judycki 
2014). The use of mechanistic-empirical methods requires 
a solid mechanics problem solution in order to determine 
the stress, strain and displacement states within critical 
points of the analyzed structure. The solution strongly 
depends on the loading and the material properties. 

The most widely used model of pavement structure 
is an axisymmetric multi-layered elastic half-space. It is 
assumed that each layer has a predetermined thickness, is 
homogeneous and isotropic and characterized by Young’s 
modulus and Poisson’s ratio. The load is modeled as uni-
formly distributed pressure acting on the circular surface. 
Such a load roughly corresponds to the pressure of the car 
wheel. The assumption of elasticity is a significant sim-
plification, as asphaltic mixtures are visco-elastic materi-

als. The use of a visco-elastic model provides for better 
estimation of the strain and the stress states. This allows 
the cost of its maintenance to be estimated with greater 
accuracy and the cost of its construction minimized by 
using the cost benefit analysis at the early design stage 
(Zavadskas et al. 2008).

There are many rheological models describing pre-
cisely the visco-elastic behavior of asphalt aggregate 
mixtures. On the other hand, these models are rarely used 
in practical pavement design, because of the greater com-
plexity of the computation and the difficulties associated 
with the adoption of the appropriate parameters of these 
models. The identification process of rheological models 
requires expensive laboratory tests of asphaltic mixtures 
(Radziszewski et al. 2014). 

Thus, in practical pavement design the simplest way 
of taking into account rheological effects is to replace 
the elastic modulus with stiffness modulus. Such an ap-
proach requires knowledge of the load time and operat-
ing temperature for asphaltic material. Using the stiffness 
modulus in the calculation process allows laboratory tests 
to be dropped in the early design stages. If the composi-
tion of the mixture and the basic properties of the binder 
are known, the stiffness of asphaltic mixtures can be esti-
mated by using empirical formulas or nomograms. Thus, 
this approach allows us to determine the elastic modulus 
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2 A. Zbiciak et al. Constitutive models of pavement asphaltic layers based on mixture compositions

defined in specified temperature and loading time. Such a 
simplified procedure results in an elastic material model 
with an elastic modulus depending on time and tempera-
ture.

The novel approach of our paper consists of the 
extension of the above-mentioned method. Thus, it is 
possible to identify the parameters of any visco-elastic 
rheological model of asphaltic mixtures based on their 
composition. The proposed solution constitutes an ap-
proximate way to obtain a full characterization of the 
visco-elastic properties of asphaltic mixtures. It is a tool 
which greatly expands the possibilities of analysis of 
pavement structures at an early stage of the design, with-
out incurring the costs of determining visco-elastic prop-
erties by means of laboratory tests. 

In order to verify the proposed method sample cal-
culations were performed. On the basis of the known 
mixture composition the stiffness moduli were obtained 
by applying the appropriate empirical formulas. Then the 
obtained results were compared with the results based on 
a laboratory test (four-point bending test). The next stage 
of the method consists of an identification procedure for 
certain rheological models. In the paper the parameters of 
two visco-elastic schemes have been identified. We ana-
lyzed the classical Burgers model and the Huet-Sayegh 
model described by fractional derivatives. 

1. Determining stiffness moduli

The above-mentioned method requires the knowledge of 
asphaltic mixtures’ stiffness moduli. They can be deter-
mined, in an approximate way, from the mixture com-
position by using empirical formulas. The procedure for 
obtaining the stiffness modulus consists of two steps. Ini-
tially, the stiffness modulus of the binder needs to be de-
termined at a given temperature and load time. This can 
be done only by knowing the results of basic laboratory 
tests: the softening point test and the penetration value 
(typically at 25 °C) (Gaweł et al. 2014). Afterwards, the 
binder stiffness can be determined by using Van der Po-
el’s nomogram. The nomogram results can be simulated 
by applying special computer programs such as PONOS 
(De Bats 1973).

The second step is to determine the stiffness modu-
lus of the asphalt aggregate mixture. The asphaltic mix-
ture is a composite material. Thus, both the character-
istics of the individual components and the proportions 
between them have a significant effect on its properties. 
There are different groups of methods of determining the 
stiffness modulus of the asphalt mixtures. One of them 
is discrete element modeling joining the concept of fi-
nite element method (FEM) and discrete element method 
(DEM) (Rimša et al. 2014). In our paper we use empiri-
cal formulas, wherein the stiffness modulus is determined 
based on stiffness of the binder and the ratio between 
mixture components. In this paper, Bonnaure’s formula 
was used (Bonnaure et al. 1977), which is consistent with 
the BANDS Shell program (Brzeziński, Zbiciak 2014).

In the above-mentioned method, the stiffness modu-
lus of the asphalt aggregate mixture is defined in two 
ranges of binder stiffness. For the purposes of this paper 
a formula in the range from 5 MPa to 1 GPa was used:

 

( )log * log 8 ...
2

log 8 ,
2

b

b

M NE S

M N S B

+
= − +

−
+ − +  (1)

where:

 3 4 28.0 5.68 10 2.135 10g gB V V− −= + ⋅ + ⋅ ; (2)
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log30
A B

M
−

= ; (3)

 
21.37 1

0.6 log
1.33 1

b

b

V
N

V
 −

=   − 
, (4)

where: *E  denotes the asphaltic mixture’s stiffness 
modulus (sometimes also called the dynamic modulus), 

bS  is the stiffness modulus of the binder, and gV , bV  
and aV  are percentage volumetric content of the aggre-
gates, asphalt and voids in the mixture.

It follows that in order to estimate the stiffness 
modulus knowledge of the binder’s and asphaltic mix-
ture’s basic parameters is sufficient. These values can be 
easily obtained from simple laboratory tests or adopted 
on the basis of the technological requirements (Sybilski 
2008, 2010). The stiffness modulus determined by using 
Van der Poel’s nomogram corresponds to the values of 
the secant modulus set in the creep test (creep modu-
lus). The authors of this paper note that the values of the 
stiffness modulus defined for the same mixture compo-
sition at a given temperature and different times can be 
treated as the load creep test results. On this basis, an 
“artificial curve creep” can be formed in a simple way. 
Subsequently it may be used to identify the parameters 
of any linear visco-elastic rheological model. There is a 
good correspondence between the secant modulus values 
and the dynamic modulus when a particular relationship 
between frequency and time of the load is applied. Thus, 
the scope of applicability of the method can be expanded 
for cyclic tests. Such a relationship made it possible to 
compare the results obtained with an empirical method 
with the results of experimental investigations. In order 
to verify the method sample calculations were performed. 
On the basis of the known composition of the mixtures, 
parameters of two rheological models, Burgers and Huet-
Sayegh (see Fig. 1), were identified. 

Then the models with obtained parameters were test-
ed and the test results were discussed.
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2. Identification of rheological models based on 
mixture composition

2.1. Experimental data
Sample calculations of rheological models’ parameter 
identification procedure were made on the basis of the 
composition of two typical mixtures: asphalt concrete 
with a maximum grain size of 22 mm for the base course 
(AC22P) and asphalt concrete with a maximum grain size 
of 16 mm for the binder course (AC16W) (see Sybilski 
2008). Both mixtures were made with the same 50/70 
asphalt binder (penetration at 25 °C equals 67 [0.1 mm], 
the softening point of 48 °C). The parameters of asphaltic 
mixture composition, important for estimating the stiff-
ness modulus, are compiled in Table 1.

Table 1. Volumetric content of mixture components

Type of asphaltic 
mixture bV ,  

(v/v)
gV ,  

(v/v)
vV ,  

(v/v)
AC22P
AC16W

8.8%
10.2%

86.1%
85.1%

5.1%
4.7%

The asphalt binder’s stiffness moduli were estimat-
ed with the Van der Poels nomogram. Then the stiffness 
moduli of mixtures were obtained by applying Eqn (1). 
The results were compared with those obtained on the ba-
sis of the four-point bending test at 10 °C and are shown 
in Figure 2.

The average relative error estimation amounted to 
approximately 17% for the AC22P mixture and approx-
imately 14% for the AC16W mixture. The determined  

results were considered as acceptable and used in the 
main part of the calculation.

The next step, which is a novel approach, uses the 
estimation results of the stiffness moduli obtained from 
the mixture composition to identify the parameters of 
rheological models.

2.2. Burgers rheological model
Van der Poel’s modulus ( )tE p ∆  can be interpreted as 
the secant modulus determined in a creep test at constant 
stress  0σ , where ( )t∆ε  is the resulting strain after time 

t∆ :

 ( ) ( )ttE p ∆
=∆
ε
σ 0 . (5)

As assumed before, there is a good correspondence 
between the secant modulus values and the stiffness mod-
ulus determined in the cyclic test. Thus, it is reasonable 
to compare the results of the cyclic tests and the results 
obtained with an empirical method, as shown in Figure 2. 
Moreover, it is possible to use an exact analytical solution 
of the Burgers model creep test in order to determine Van 
der Poel’s modulus (Nowacki 1963; Christensen 1982):

 
( ) 



















∆−−+∆+=

∆
tE

E
t

EtE p 2

2

211
exp11111

ηη
, (6)

where: 1E , 2E , 1η , 2η  represent material parameters. 
Eqn (6) and the results of the evaluation of the stiffness 
modulus estimated with the empirical method (Eqn (1)) 
were used to determine the rheological parameters of the 
Burgers model for asphalt mixtures on the basis of mix-
ture composition (see Table 2).

Table 2. Rheological parameters of the Burgers model

Type of asphaltic 
mixture 1E ,  

(MPa)
2E ,  

(MPa)
1η ,  

(MPa)
2η ,  

(MPa)
AC22P
AC16W

17783
16623

14668
12804

4888
3928

803
690

Figure 3 shows the results of the theoretical creep 
test carried out by applying the Burgers model compared 
with the results estimated with Eqn (1).

Fig. 1. Visco-elastic rheological Burgers (a) and Huet-Sayegh 
(b) structures

Fig. 2. Comparison of the results of estimated stiffness moduli 
and those obtained in laboratory tests

Fig. 3. Comparison of the results of theoretical creep test for 
AC22P mixture, estimated based on Eqn (1) and calculated 
with Burgers model
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4 A. Zbiciak et al. Constitutive models of pavement asphaltic layers based on mixture compositions

The adopted material model represents the proper-
ties of mixtures estimated with Eqn (1) reasonably well.

2.3. Huet-Sayegh rheological model
The Burgers rheological structure, considered in Sec-
tion 2.2, is composed of classical, elastic and viscous 
elements. As shown in many studies, the possibilities 
of representing the behavior of asphaltic mixtures with 
Burgers model within a wide range of temperature and 
frequency are limited (Kim 2009; Wang 2011; Zbiciak 
2013). A more adequate model of visco-elastic behav-
ior is the Huet-Sayegh (HS) structure (see Fig. 1b). This 
model contains non-classical linear visco-elastic elements 
whose constitutive properties are described by fraction-
al derivatives (Podlubny 1999; Butera, Di Paola 2014; 
Di Mino et al. 2016; Grzesikiewicz et al. 2013; Zbiciak 
2012). The fractional order systems theory has been used 
in many branches of technics, including electrical engi-
neering, mechanical engineering and construction.

Identification of asphalt mixture models based on 
the mixture composition by using the HS structure is dif-
ficult. The fundamental problem is that we cannot formu-
late any analytical formula for the HS creep function, al-
though it was very easy in the case of the Burgers model 
(see Eqn (6)). In the case of the HS model, obtaining such 
a formula is difficult, because of the need to solve a dif-
ferential equation of fractional order. There is a possibil-
ity of integrating such equations by using the algorithm 
proposed by Grzesikiewicz et al. (2013) which also takes 
into account the nonlinear phenomenon (nonlinear vis-
cosity or plasticity). In the case of the Huet-Sayegh rheo-
logical structure identification, the optimization algorithm 
requires the fractional differential equations to be solved 
many times. Such a process is very time-consuming.

In our paper, the issue of the HS structure identifica-
tion has been solved by using the concept described by 
Zbiciak and Grzesikiewicz (2011), wherein the character-
istics of the fractional model (including creep) were ob-
tained by applying numerical algorithms for determining 
the inverse Laplace transforms (see Valsa, Brancik 1998). 
Use of these algorithms, along with the appropriate opti-
mization procedures implemented in Matlab, allows for 
effective solution of the identification problem.

Numerical determination of the creep characteris-
tics of the HS model requires the understanding of its 
transfer function ( )sE* , which results directly from the 
formula for the complex modulus ( )ωiE* , when substi-
tuting si =ω . The complex modulus of the HS structure 
has the following form:

 ( )
( ) ( ) hk ii

EE
EiE

−−
∞

++

−
+=

τωτωδ
ω

1
o

o
* , (7)

where: oE  – static modulus (for 0→ω ); ∞E  – the 
glass transition modulus (for ∞→ω ); kh,  – param-
eters obeying the condition 10 <<< hk ; δ  – dimen-
sionless constant; τ  – characteristic time.

In the case of the linear systems analyzed in this 
paper, the following relationship combining the stresses 
and strains is valid:

 ( ) ( ) ( )ssEs ∗∗∗ = εσ , (8)

where ( )s∗σ  and ( )s∗ε  are the Laplace transforms of the 
stress ( )tσ  and the strain ( )tε  states.

From the analytical form of the Laplace transform 
for the force signal modeling the creep test, it is possi-
ble to obtain the response of the Huet-Sayegh model. As 
indicated previously, this operation must be carried out 
numerically with the algorithms described by Valsa and 
Brancik (1998) (see also Liu 2001).

The results for identification of the HS rheological 
model for two selected asphalt mixtures are summarized 
in Table 3.

The graph in Figure 4 shows the creep test theoreti-
cal curve performed with the rheological HS model for 
AC16W mixture. Moreover, Figure 4 shows the results 
obtained with the analytical model described by Eqn (1). 
One can see that the proposed method yielded good 
agreement of the results for the theoretical creep test.

Fig. 4. Comparison of results for theoretical creep test for 
AC16W mixture, estimated by Eqn 1 and calculated with the 
Huet-Sayegh model

With the constitutive parameters of rheological mod-
els for certain asphalt aggregate mixtures it is possible to 
construct another interesting characteristic related to the 
dynamic properties of the analyzed models. The diagrams 
shown in Figure 5 visualize Cole-Cole and Black graphs 
for a Huet-Sayegh model of AC22P mixture. The Cole-
Cole graph relates storage modulus (real part of complex 
modulus describing elastic properties of the model) to 
loss modulus (imaginary part of complex modulus de-
scribing viscous properties of the model). The Black dia-
gram relates phase angle to dynamic modulus (absolute 
value of complex modulus). 

Another characteristic of the Huet-Sayegh model for 
AC22P mixtures is depicted in Figure 6. The dynamic 
modulus master curve describing dynamic modulus as 
a function of frequency is shown in Figure 6a and the 
phase angle vs. frequency is visualized in Figure 6b. It 
should be emphasized that all the Huet-Sayegh charac-
teristics visualized in Figures 5 and 6 are similar to those 
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presented in the literature (see e.g. Kim 2009; Zbiciak, 
Michalczyk 2014).

The algorithms for calculation of inverse Laplace 
transforms applied in this paper in the process of identifi-
cation of a rheological model can be used in order to find 
the response of the model subjected to harmonic or step 
excitations. The diagrams shown in Figure 7 represent 
relaxation curves of the Huet-Sayegh and Burgers models 
for AC22P mixtures. These curves visualize the response 
of the mixture to step strain excitation of 10–6 (1 μstrain). 
Good convergence of both curves in Figure 7 is evident. 

On the other hand, the initial stresses shown in Fig-
ure 7 for 0=t  are different in the two models. The value 
of the Burgers initial stress corresponds to rheological 

parameter 1E , taking into account the amplitude of exci-
tation equal to 10–6 (compare Fig. 7 and Table 2) and the 
Huet-Sayegh initial stress from Figure 7 corresponds to 
the glass transition modulus ∞E  (see Table 3).   

Table 3. Calculated parameters of the Huet-Sayegh model

Type of asphaltic 
mixture

oE
(MPa)

∞E
(MPa) k h τ δ

AC22P
AC16W

23
10

26129
21527

0.421
0.501

0.764
0.577

0.576
0.994

3.911
5.219

Conclusions

The results of computer calculations presented in this ar-
ticle indicate the correctness of the proposed algorithm.  
The algorithm was used in order to identify visco-elastic 
constitutive models of asphalt aggregate mixes based on 
the mixture composition. It should be highlighted that the 
proposed method is also applicable in the case of non-
classical models of fractional order for which the formu-
lation of analytical creep formulas would be problem-
atic. Rheological models whose parameters are identified 
by the proposed method can be used in the process of 
semi-rigid and flexible pavement construction design. 
The design process needs the strain and the stress states 
at critical points of pavement to be calculated. These cal-
culations should be carried out with visco-elastic models 
of asphalt layers. 

On the other hand, the presented method is based on 
the creep characteristics at a certain temperature. Thus, it 
cannot correctly reflect the behavior of the asphalt mix-
ture within a wide temperature-frequency range (Zbiciak, 
Michalczyk 2014). Full identification of the rheological 
model of asphalt mixture requires a series of cyclic bend-
ing tests at different frequencies and temperatures. More-
over, the parameters identified with the method presented 
in the paper should also be proved with appropriate labo-
ratory tests. Nevertheless, by applying our method one 
can avoid labor-intensive and cost-consuming laboratory 
tests at the early design stages, as pointed out in the in-
troduction to this paper.

Further explorations of problems related to the is-
sue of temperature-frequency dependence of rheological 

Fig. 5. Cole-Cole graph (a) Black diagram (b) for AC22P 
applying the Huet-Sayegh model

Fig. 6. Dynamic modulus (a) and phase angle (b) master 
curves for AC22P with the Huet-Sayegh model

Fig. 7. Relaxation curves for AC 22 P with Burgers and Huet-
Sayegh models (step strain excitation of 10–6)
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6 A. Zbiciak et al. Constitutive models of pavement asphaltic layers based on mixture compositions

models by applying the method proposed herein will be 
published in a subsequent paper.
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