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Abstract—A new technique based on coordinate transformation dedicated to the analysis of an open Fabry-Perot resonator is introduced in this paper. The method allows reducing the
problem to the scalar one-dimensional analysis of the resonator
consisting of two Gaussian mirrors, which fit better to a Gaussian mode than spherical mirrors commonly used in that kind of
open resonators. The proposed method is validated rigorously
in the 20-40 GHz frequency range using a finite difference time
domain method.
Index Terms—Fabry-Perot open resonator, measurement
techniques, FDTD.

represents a wavefront, k is wavenumber, R is the radius of
the wavefront given in [5, Eq. (4.7.17b)] and yr stands for the
Rayleigh range in [5, Eq. (4.7.16)].

I. INTRODUCTION
Fabry-Perot open resonator (FPOR) is widely used in microwave frequency range due to the outstanding level of a
quality factor exceeding well over 105, so it can be applicable
to the measurement of a loss tangent of a material under test
(MUT) as low as 10-5 [1-3]. So far, the best method of solving
FPOR with the MUT has been based on a characteristic equation derived assuming that the modes are of Gaussian type,
while mirrors are spherical [1 - 3]. However, that method suffers from limited accuracy resulting from approximate approach to the problem and, apparently, from the mismatch between the mode Gaussian profile and mirrors spherical curvature.
Those reasons have encouraged the authors to investigate
new solutions of the FPOR, which may be more accurate than
state-of-the art in that subject. The main family of TEM
modes in the FPOR is axisymmetrical and they have a Gaussian shape at longitudinal and transverse cross-sections. As it
will be shown, coordinate transformation techniques allow
reducing the problem from vector three-dimensional (3D) to
the scalar 1D layered problem.

Fig. 1. Gaussian wavefronts (green line) and field lines (blue line) in (a) Cartesian and (b) Gaussian coordinate systems. Red line indicates a spherical
Fabry-Perot mirror (R0 = 100 mm).

According to the authors knowledge, most (if not all)
known FPOR realizations uses spherical mirrors, which is
counter-intuitive as the wavefront is Gaussian. Since only
TEM0,0,q modes are investigated, it has been assumed that
electric field lines (W = const) are orthogonal to the wavefronts (Φ𝑚 = const) which are tangential to electric and magnetic field components:
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Equations (2), (3) and (4) allow introducing a new orthogonal Gaussian coordinate system (GCS). In GCS, Gaussian
mirrors and wavefronts become planar (Fig.1). As it can be
noticed in (1), (2), the proposed coordinate system is frequency dependent. However, frequency variation of the coordinates is at the level of a few m/GHz at a distance where
the mirrors are placed, which means negligible impact on the
accuracy of the method in a broad spectrum.
As shown in [6], Maxwell equations can be kept in the
same form after coordinate transformation provided that medium properties are appropriately transformed. For that purpose, coordinate transformation Jacobian tensor needs to be
calculated, which can be used to calculate complex permittivity and permeability tensors, as shown in [6]. 3D GCS
problem (Φ𝑚 , 𝑊, ) can be further reduced to the 2D one
(Φ𝑚 , 𝑊) if azimuthal permittivity and permeability tensor

where
Φ𝑚 = 𝑦 +

(3)

while the azimuthal coordinate can be represented as:

Electric field of a fundamental TEM0,0,q mode is given as
follows [4]:
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II. FPOR REPRESENTATION

𝐸(𝜚, 𝑦) = 𝐸0

𝜚

(2)

580

′′
′
components are scaled as 𝑛33
= 𝑛33
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nents as 𝑛11 = 𝑛11 𝑊 and 𝑛22 = 𝑛22
𝑊 [7], where n denotes
either  or . Assuming that electric (magnetic) field is W′′
′′ )
()polarized, 𝜀11
(𝜇22
component represents scalar permittivity (permeability) of a newly defined inhomogeneous medium.
The problem can be further reduced to the Φ𝑚 -oriented 1D
transmission line problem with effective permittivity and permeability at a given Φ𝑚 coordinate calculated as follows:

reaches 8 MHz, which is at the same level as a numerical dispersion error of FDTD (ca. 0.02% in free space) [13]. The
reference Q-factor obtained from FDTD simulations is also
loaded with some uncertainty, as the simulation of the problems of that high Q-factor is very challenging. Further experimental validation needs to be undertaken to verify if the real
error is even smaller.
IV. CONCLUSION
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A novel approach to the analysis of the Fabry-Perot open
resonator is presented in this paper. The method is based on
coordinate transformation, which allows reducing a vector
3D problem to a scalar 1D one. The proposed method has
been validated against rigorous FDTD simulations and promising results have been obtained. Further development of the
method and experimental analysis are needed to confirm the
usefulness of the approach to the characterization of materials
in microwave frequency spectrum and beyond.

where 𝜀𝑟 (Φ𝑚 , 𝑊) stands for bulk relative permittivity at a
certain transverse cross-section of the FPOR (e.g. that of
MUT or air), and electric field E(Φ𝑚 ) is assumed to be a priori given, as in (1). Effective permeability 𝜇𝑒𝑓𝑓 (Φ𝑚 ) shall be
calculated in a similar manner.
III. FPOR CALCULATION
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A 1D FPOR problem can be solved by splitting the cavity
in half [8] and calculating S11 of one half of the corresponding
1D stratified transmission line [9], which leads to the spectrum of wave admittance at a splitting plane. It should be
stressed out that a flat sample of MUT becomes concave after
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