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a b s t r a c t

For this paper, we studied the evolution of the cluster size distribution for a system of coagulating
particles under a linear-chain (LC) kernel, K (i, j) =

(
1
i +

1
j

)α

, and monodisperse initial conditions.
We used a combinatorial framework in which time (i.e., time steps counted by the subsequent system
states) and cluster sizes were discrete and the binary aggregation governed the evolution of the
system. We modified a previously-known solution for the constant kernel to cover the LC kernel and
used it in the framework to obtain the exact expression for the cluster size distribution (the average
number of particles of a given size) and its standard deviation. Our theoretical solution is validated
by a comparison to numerically simulated results for several values of α and to the experimental
data of coagulating polystyrene particles. Theoretical predictions were accurate for any stage of the
aggregation process and for a wide range of α.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

Coagulation processes (also known as aggregation or coales-
ence) are widespread in nature. They govern many everyday-life
henomena (such as blood coagulation, milk curdling, and cloud
ormation) and are of great interest in physics [1–3], chem-
stry [4–6], biology [7], and mathematics [8–10]. Several tech-
ological applications are based on coagulation, including the
ormation of aerosols [11,12] and polymers [13] or material pro-
essing [14,15].
The LC kernel describes systems of particles coagulating into

inear chains. It can be also known as a kernel describing the
ggregation of electrorheological (ER) fluids. ER fluids are col-
oidal suspensions of electrically-active particles in an insulating
luid [16]. If an external electric field is applied to the system, the
articles and their corresponding double layers acquire electric
ipoles and irreversibly aggregate into linear chains oriented in
he direction of the field, considerably changing the rheological
nd optical properties of the suspension. One important property
o observe is the fluid’s fast response time. Typical ER fluid can
hange consistency from a liquid to a gel in few milliseconds.
ue to this advantage, ER fluids are sometimes called as ‘‘smart’’
aterials and are used in several applications, such as hydraulic
alves [17], clutches [18], brakes [19], shock absorbers [20], abra-
ive polishing [21], and tactile displays [22,23]. Recently, the
oagulation of colloidal particles in the presence of an external
agnetic field has also been studied [24,25].

∗ Corresponding author.
E-mail address: lepek@if.pw.edu.pl (M. Łepek).
https://doi.org/10.1016/j.physd.2020.132756
0167-2789/© 2020 Elsevier B.V. All rights reserved.
In general, a coagulation process can be regarded as the evolu-
tion of a closed system of clusters merging irreversibly as a result
of binary collisions (coagulation acts) according to the general
scheme

(i) + (j)
K (i,j)
−→ (i + j) (1)

where (i) stands for a cluster of mass i and K (i, j) is the co-
agulation kernel representing the rate of the process. As the
process is irreversible, the number of clusters decreases in time
and eventually all of the clusters join into one single cluster.

The classic (deterministic, kinetic) model for an aggregation
process is the Smoluchowski aggregation equation [26–33]. The
advantage of this approach is that explicit analytical solutions
are known for particular kernels (e.g., constant, multiplicative,
or additive). However, this approach has several weaknesses. In
particular, it requires the following assumptions: an infinite size
for the system considered and continuous cluster concentrations.
Because this does not account for small systems and because
the number of clusters in large systems decreases significantly
over time, this equation becomes inaccurate or even unusable.
These problems can be especially observed in the case of so-called
‘‘gelling’’ kernels. Moreover, the solutions arising from the Smolu-
chowski aggregation equation are stochastically incomplete and
describe only the average behavior of clusters without providing
any information on deviations.

For these reasons, a stochastic approach to studying finite
coagulating systems has been proposed (also known as Marcus
or Marcus–Lushnikov approach) [34–38]. In this framework, the
exact solutions to constant, multiplicative, and additive kernels

https://doi.org/10.1016/j.physd.2020.132756
http://www.elsevier.com/locate/physd
http://www.elsevier.com/locate/physd
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physd.2020.132756&domain=pdf
mailto:lepek@if.pw.edu.pl
https://doi.org/10.1016/j.physd.2020.132756
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ere obtained for the simplest case of monodisperse initial condi-
ions as solutions to the master equation governing the evolution
f the probability distribution over system states.
More recently, a combinatorial framework to coagulating sys-

ems has been also developed. It bases on the same foundation
s Marcus approach (assumptions of discrete time and binary ag-
regation acts), however, combinatorial approach gives solutions
hrough direct counting of these states, not through the Master
quation. This idea uses combinatorial equations to derive exact
xpressions for cluster size distribution in subsequent steps of
he system evolution. Thus far, this combinatorial approach was
sed to find solutions to constant, additive, and multiplicative
ernels [39–42]. The combinatorial framework proposed in [40]
s of particular interest as it not only provides the expressions for
he standard deviation of the mean values of cluster size distri-
ution, but also can be extended to cover other arbitrary kernels
f the aggregation rate K can be written in the appropriate form.
dditionally, it has been proven to be effective for systems with
onstant, multiplicative, and additive kernels and monodisperse
nitial conditions. In this work, we applied this framework to
olve more complex form of the LC kernel.
Several other works [43–47] studied the kinetics of irreversible

ggregation in linear-chain coagulating systems. In the latest one
47], the authors analyzed a system of aggregating polystyrene
articles. They showed that the process is governed by the coag-
lation kernel with negative powers of cluster sizes

(i, j) =
1
i

+
1
j

(2)

and used the reduction of the classic Smoluchowski aggregation
equation to a similarity solution in a large-time limit. These
theoretical results were compared to the experimental data and
their limited accuracy was observed.

In this paper, we used the combinatorial approach proposed
in [40] to solve the linear-chain kernel (Eq. (2)). Additionally, a
generalized form is obtained by using a real power:

K (i, j) =

(
1
i

+
1
j

)α

. (3)

Many real processes can be approximated by using formulas
with power factors. In [47], other power forms are proposed for
further investigation. In the next sections, we solve the coagu-
lation process Eq. (1) using the kernel Eq. (3) with an arbitrary
real power and compare the results with numerical simulations
for several values of α. We believe that these power-generalized
form can be better used with experimental data.

The combinatorial framework we used requires the following
assumptions: (i) monodisperse initial conditions, (ii) discrete time
(here, time steps counted by the subsequent states of the system),
(iii) one coagulation act occurring in each time step, and (iv) low
particle concentrations since it is not considering the possibility
of having encounters among 3 particles, or several encounters at
a given time. ER fluid is especially well-suited for this approach
as its aggregation generally meets condition (i).

We must also comment on the condition (ii). In real (physical)
coagulating system, the particles merge (binary coagulation acts
occur) more or less frequently which is determined by the kernel
and by the evolution stage. However, the exact time between
these acts remains unknown as it is stochastic in its nature. These
stochastic time intervals are modeled in, e.g., Marcus–Lushnikov
framework of aggregation. In contrast, in the combinatorial ap-
proach we use, the time is counted in coagulations acts (steps),
i.e., the first coagulation act occurs in time t = 1, the second
oagulation act occurs at time t = 2, and so on. Therefore, that
iscrete time shall be considered as subsequent states of the sys-
em. The important note here is to remember that this timescale
2

of binary aggregations acts is not the same as the timescale of a
physical time (measured, e.g., in seconds). The binary aggregation
time is a somehow rescaled version of the physical time. In this
way, the combinatorial approach does not deal with the physical
time and does not give any information on ‘‘how much time such
a particular process would take in real’’. However, it is crucial that
the lack of direct relevance to the physical time is not a problem,
nor a limitation, if we have the information on the system: the
initial number of clusters and the ‘‘snapshots’’ of the number of
clusters in time. Having this information, we can translate any
real moment of the aggregation process to the timescale of binary
aggregation acts. We demonstrated such a procedure comparing
our predictions to the experimental data in Section 4.

In the combinatorial approach, successive steps of the coagu-
lation process define the space of available states, and the proba-
bility distribution over the state space is determined by studying
the possible growth histories of clusters using combinatorial ex-
pressions. Then, the expressions for cluster size distribution and
its standard deviation are derived. Although the combinatorial
approach may seem complex, it is vital to emphasize that most of
the equations are provided by the framework at once. The only is-
sue that we worked on in this contribution involved transforming
a recursive expression for the number of possible internal states
of a cluster to a non-recursive form.

The paper is organized as follows. Section 2 presents the basics
of the combinatorial approach. Section 3 provides a detailed
description of our method for calculating the number of possible
internal states of a cluster for the LC kernel (Eq. (3)). Section 4
compares the results of theoretical predictions to the numerical
simulations. In Section 5, theoretical results are compared to
the experimental data. Section 6 gives concluding remarks and
describes possible extensions to this work.

2. Combinatorial approach essentials

Here, we briefly describe the essentials of the combinatorial
approach to coagulating systems [39,40] that we used in this
work. The assumptions behind the combinatorial approach are
similar to these used in Marcus approach, however, the calcula-
tions include direct counting of available states instead of using
Master equation. Thus, in this Section we give short reminder of
the stochastic approach assumptions and later give general (uni-
versal) equations for cluster size distribution of the system and
its standard deviation arising from the combinatorial approach.
For the details of combinatorial derivations, please see Ref. [40].

When investigating the aggregating system with combinato-
rial (or stochastic) methodology, we assume discrete time (i.e.,
time steps counted by the subsequent system states) and mono-
disperse initial conditions (all of the clusters are monomers of size
of one). A single coagulation act occurs in one time step. Then, the
total number of clusters, k, at time step t is

k = N − t, (4)

where N is the total number of monomeric units in the system. As
this number does not change during the evolution of the system,
N is equivalent to the initial number of clusters (preservation of
mass). The state of the system at time step t is described by

Ω (t) =
{
n1, n2, . . . , ng , . . . , nN

}
, (5)

where ng ≥ 0 stands for the number of clusters of mass g (there-
fore g is the number of monomeric units included in the cluster)
and n1 corresponds to monomers, n2 to dimers, n3 to trimers, and
so on. During the coagulation process the sequence

{
ng

}
is not

arbitrary and satisfies following conditions corresponding to the
preservation of the number of monomeric units in the system:

N∑
ng = k and

N∑
g ng = N. (6)
g=1 g=1
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According to [39,40], there are three origins of combinatorial
expressions to model the aggregation process. The first one re-
sults from the fact that the set of monomers can be divided into
subsets in a specific number of ways. The second origin results
from distributing coagulation acts of the process in different time
steps. The third aspect of combinatorial description covers the
number of ways in which a given cluster could be created (the
number of possible histories of a cluster). It has been shown
(in [39]) that by combining these expressions together one can
derive the average number of clusters ⟨ns⟩ of a given size s as

⟨ns⟩ =

(
N
s

)
ωs

BN−s,k−1
({

ωg
})

BN,k
({

ωg
}) (7)

where, for simplicity’s sake,

ωs =
xs

(s − 1)!
and

{
ωg

}
=

{
xg

(g − 1)!

}
. (8)

Here, we need to better explain Eqs. (7) and (8). Eq. (7)
escribes the average number of clusters of size s after t steps
f the aggregation process. Although t is not explicitly present in
he equation, k plays t ’s role, as k is the total number of clusters
n the system and decreases linearly with subsequent system’s
volution time steps.
The variable xs (and xg ) in Eq. (8) is a number of possible

ways to create a cluster of size s (or g). It can be also physically
regarded as a number of possible internal states of such a cluster.
The expression for this number for the LC kernel will be derived
in Section 3.

We must also explain the difference between ωs and ωg . The
first one is a single value and depends on cluster size s, while
{ωg} is a sequence not dependent on s, where g varies from 1 to
N − k + 1 (i.e., to t + 1).

The sequence
{
ωg

}
is used to calculate so-called partial (or

incomplete) Bell polynomials. They are defined as

BN,k (z1, z2, . . . , zN−k+1) = BN,k
({

zg
})

= N!

∑
{ng}

N−k+1∏
g=1

1
ng !

(
zg
g!

)ng

(9)

here the summation is taken over all non-negative integers
ng

}
that satisfy Eq. (6). Bell polynomials are a useful tool in

ombinatorics as they provide detailed information about the
artition of an arbitrary set. Several computational environments
mplement Bell polynomials (e.g. Mathematica). In the Appendix,
e provide efficient equation to calculate partial Bell polynomials
sed in this research.
As mentioned in the Introduction, not only can the average

umber of clusters be estimated in the combinatorial frame-
ork, but so can the corresponding standard deviation of this
verage [39],

s =

√
⟨ns (ns − 1)⟩ + ⟨ns⟩ − ⟨ns⟩

2 (10)

here, for 2s ⩽ N ,

⟨ns (ns − 1)⟩ =

(
N
s, s

)
ωs

2 BN−2s,k−2
({

ωg
})

BN,k
({

ωg
}) (11)

ith
(N
s,s

)
=

(N
s

)(N−s
s

)
and ⟨ns (ns − 1)⟩ = 0 for other cases.

Up to this point, the combinatorial equations were generic and
pplicable to any kind of aggregation kernel. Therefore, since this
pproach focuses on the reaction kernel K , the kernel is only used
o calculate the number of possible histories of a cluster of given
ize xg (it can be also regarded as a number of possible internal
tates of a cluster). This number is unambiguously defined by the
ernel.
3

For the most basic case of the constant kernel, the number xg
s specified by the recursive expression [40]

g =
1
2

g−1∑
h=1

(
g
h

)(
g − 2
h − 1

)
xhxg−h (12)

where xh and xh−k are the numbers of ways to create the two
merging clusters. This recursive expression is build as follows.

When two clusters merge the resulting cluster of size g ap-
pears. Obviously, the sizes of merging clusters were h and (g−h).
We can divide the cluster of size g into subclusters of size h and
size (g −h) in exactly

(g
h

)
ways. In other words, the first binomial

factor denotes the number of ways of choosing a cluster of size h
out of g monomers.

The second binomial factor,
(g−2
h−1

)
, covers the fact that coag-

ulation acts resulting in clusters h and (g − h) could happen in
various possible time steps. Let us have an example. We have
two clusters: cluster (g − h) = 3 of size 3 and cluster h = 4 of
size 4. To create these clusters we need 5 time steps. The cluster
(g − h) will be created in 2 time steps and the cluster h will be
created in 3 time steps. In Fig. 1a, we can see that black dots
(representing coagulation acts for the (g − h) cluster) and white
dots (coagulation acts for the h cluster) can be ordered in ten
different ways (sequences) in time. In Fig. 1b, the two of these
ten possible orders are shown. Please see that coagulation acts
related to the creation of the cluster of size h could occur in (h−1)
time steps out of the total number of (g − 2) time steps needed
to create clusters of sizes h and (g − h).

The sum in Eq. (12) is taken over all possible pairs of clusters
hat can result in the cluster of size g . The factor of 1

2 is used to
prevent double counting of the coagulation acts.

In the next section, we will modify Eq. (12) to describe the
LC kernel and transform it to the non-recursive form that can be
used in Eq. (7) to calculate ⟨ns⟩.

3. Calculating xg for linear-chain kernel

At this point, we must modify the recursive expression for
xg to cover the LC kernel. In the previous work [40], we have
shown that xg for the constant kernel can be modified to cover
the additive and multiplicative kernels by multiplying the right-
hand side of Eq. (12) by a specific factor. This factor is the kernel
reaction rate K itself, but translated into the variables g and h
used in Eq. (12). This multiplying is the result of the fact that the
probability of the coagulation act is proportional to K . Therefore,
the general expression for xg for any kernel is

xg =
1
2

g−1∑
h=1

(
g
h

)(
g − 2
h − 1

)
xhxg−hK (g, h). (13)

Please note that this multiplying is also consistent with the
onstant kernel, since K = 1 for the constant kernel.
Now, we must translate the LC kernel, K (i, j) =

(
1
i +

1
j

)α

, to
the language of g and h. The LC kernel can be rewritten to

K (i, j) =

(
i + j
ij

)α

. (14)

Bearing in mind that i and j are the masses of two merging
lusters, g is the mass of the resulting cluster, and h is the mass
f one of the subclusters (e.g., i = h), we can write

(g, h) =

(
h + (g − h)
h(g − h)

)α

=

(
g

h(g − h)

)α

. (15)

Thus, the recursive expression for xg for the LC kernel is

g =
1
2

g−1∑(
g
h

)(
g − 2
h − 1

)
xhxg−h

(
g

h(g − h)

)α

. (16)

h=1
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Fig. 1. Pictorial representation of the time step evolution of two coalescing clusters of masses (g −h) = 3 and h = 4. There are
(g−2
h−1

)
= 10 possible histories of these

wo clusters’ creation. To create these clusters we need five coagulation acts (i.e., five time steps). The cluster (g − h) is created in two time steps and the cluster h
s created in three time steps. In (a), we can see that black dots (coagulation acts for the (g − h) cluster) and white dots (coagulation acts for the h cluster) can be
rdered in ten different ways in time. In (b), the two of these ten possible orders are shown. Please see that coagulation acts related to the creation of the cluster
f size h could occur in (h − 1) time steps out of the total number of (g − 2) time steps needed to create clusters of sizes h and (g − h).
w

w

Expanding the Newton symbols and substituting yg =
xg

g!(g−1)!gα

we obtain

(g − 1)yg =
1
2

g−1∑
h=1

yhyg−h. (17)

Note that Eq. (17) is exactly the same as for the constant kernel
in [40] with the only difference being the definition of yg . This
quation can be transformed to the explicit expression for yg
sing the generating function method. As it was solved in the
revious work [40], here, we will use the known solution,

g =
1

2g−1 , (18)

hich, with the substitution, results in this equation:
1

2g−1 =
xg

g!gα (g − 1)!
. (19)

Finally, the non-recursive form of xg for the LC kernel is

xg =
g!g!gα−1

2g−1 . (20)

The ER process is described by xg with α = 1. It is worth noting
that for α = 0, the solution fully corresponds to the solution for
the constant kernel, known from [40].

4. Final expression for ⟨ns⟩ compared to numerical results

Theoretical solutions arising from our combinatorial equa-
ions have been compared to the results obtained by numerical
imulations (for simulation details, please see Appendix). These
olutions were obtained using the general expression for ⟨ns⟩,
q. (7), and the expression for xg , which was the number of
ossible internal states of a cluster of size g (Eq. (20)) derived
n the previous section. The expression for xg is used in Eq. (7)
wice: once as xs,

s =
s!s!sα−1

=
s!sα

, (21)

2s−1(s − 1)! 2s−1 (

4

and once in the sequence
{
ωg

}
,{

ωg
}

=

{
g!g!gα−1

2g−1(g − 1)!

}
=

{
g!gα

2g−1

}
, (22)

where g changes from 1 to N − k + 1 (i.e., to t + 1).
Therefore, the final expression for the average number of

clusters of a given size, ⟨ns⟩, as it is plotted in the figures, takes
the form

⟨ns⟩ =

(
N
s

)
s!sα

2s−1

BN−s,k−1

({
g!gα

2g−1

})
BN,k

({
g!gα

2g−1

}) (23)

here, again, g changes from 1 to N − k + 1 (i.e., to t + 1).
Although Eq. (23) is sufficient and fully defines ⟨ns⟩, for this

particular
{
ωg

}
, it can be further simplified. Using the rela-

tion [48]

BN,k
(
abz1, ab2z2, . . . , abN−k+1zN−k+1

)
= akbNBN,k (z1, z2, . . . , zN−k+1) , (24)

we obtain simplified form of Eq. (23),

⟨ns⟩ =

(
N
s

)
s!sα

BN−s,k−1 ({g!gα})

BN,k ({g!gα})
. (25)

Moreover, to avoid expensive calculations of Bell polynomials,
further simplification can be done for the LC kernel describing the
ER process (α = 1) using the identity relation with the so-called
falling factorial [49]. This relation is

BN,k ({g!g}) =
1
k!

k∑
j=0

(−1)k−j
(
k
j

)
(j + k + N − 1)N (26)

here the falling factorial is defined as

a) = a(a − 1) . . . (a − b + 1). (27)
b
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Fig. 2. Numerical simulations vs. theoretical calculations of the average number of clusters of the size s, ⟨ns⟩, for the LC kernel with different values of α (α = 0.0,
= 0.3, α = 1.0, α = 2.0). For α = 0.0, the results fully correspond to the additive kernel. For α = 1.0, we obtain the results for the electrorheological coagulation.
olid lines represent theoretical predictions based on combinatorial equations. They are defined only for integer values of s but continuous lines are used as guidelines
or eyes. Circles, squares and triangles correspond to the results obtained by numerical simulation. The number of monomers in the system is N = 100. Three stages
f the aggregation process are presented: t = 30 (squares, black), t = 70 (circles, red) and t = 95 (very late stage of the process, triangles, blue). For each case, 105

ndependent simulations were performed.
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Eq. (26) can be further transformed to the form of

N,k ({g!g}) =

(
N
k

)
(N + k − 1)!
(2k − 1)!

(28)

hich does not involve falling factorial.
Taking advantage of the relation (28), we can transform ⟨ns⟩

or the ER process to the form which does not consist of Bell
olynomials,

⟨ns(α = 1)⟩ =
2sk(k − 1)(2k − 1)(N − k)!(N − s + k − 2)!

(N − s − k + 1)!(N + k − 1)!
. (29)

In Fig. 2, the results for several values of power α = 0.0, 0.3,
1.0, and 2.0 are presented. There are three data series contained
in each plot, corresponding to three different stages of the system
evolution. The initial number of monomers is N = 100. The first
series (t = 30) corresponds to the early stage of the aggregation
process; the second series (t = 70) covers the later stage of
the process; and the third series shows the average numbers of
clusters near the end of the process (t = 95), which is five steps
before the moment when all of the particles are joined into one
single cluster. For low values of α (0.0 and 0.3), the theoretical
prediction reflects the simulation with excellent precision, even
for the latest phase of the process (t = 95). A somewhat precise
result can also be obtained also for α = 1.0 (ER coagulation) and
α = 2.0, although, the predicted average values of ⟨ns⟩ for the
smallest clusters (i.e. s < 5) are higher than the values calculated
from the simulation. Notably, the highest point of the cluster size
distribution is always modeled precisely by the theoretical curves
(in this regime, it can be regarded as the exact solution).

It was proposed in [40] that the disagreement between theo-
retical and numerical results for the later phases for the gelling
kernels is caused by the appearance of a giant gel cluster in the

system. When the system crosses the gelling point, this giant

5

cluster changes the probabilities in the system, which is not cov-
ered in the combinatorial expressions. Although the LC kernel is
not obviously gelling (like, e.g., multiplicative kernel), the largest
clusters are the clusters of moderate s (especially for higher α).
Thus, there is a relatively high number of large clusters in the sys-
tem. For the gelling kernels solved in this combinatorial approach,
the theoretical solutions (for the latest stages of the process) are
then ‘‘delayed’’ in comparison to the numerical simulation. This
effect can be seen (slightly) for α = 2.0 in the case of the LC
kernel.

In Fig. 3, we present standard deviation estimates given by
the combinatorial approach, Eq. (10), and compare them to the
standard deviation calculated for the data obtained by simulation.
The results for three values of α are presented. It can be seen
that the combinatorial estimates behave similarly to the average
number of clusters, being precise for the lowest α and somewhat
recise for the ER process. For the highest α = 2.0 the deviation
stimates are only approximate for the lowest s but still accept-
ble for the rest of the distribution. Minimal variations from the
umerical data also occur for the highest s (see Fig. 3b and c).

. Comparison with experimental data

Additionally, to compare our theoretical predictions to the
xperimental data, we have adopted the data gained by Wattis
nd Mimouni [47]. These authors performed an experiment in
hich polystyrene particles were suspended in the liquid (water
nd heavy water). When the alternating electric field was applied
he particles started to coagulate into chains. The process was
bserved by the microscope and the camera. In their work, the
uthors provided the raw data (the probabilities of finding clus-
ers of a given size) for four time steps of the process (t1 = 1
in, t = 3 min, t = 5 min, and t = 7 min). The total number
2 3 4
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Fig. 3. Standard deviation predicted by the theoretical model, Eq. (10), vs.
tandard deviation obtained by the simulation for the LC kernel with t = 70
and several values of α: (a) α = 0.3, (b) α = 1.0, and (c) α = 2.0. Solid and
dashed lines represent combinatorial results for the average number of clusters
of a given size, ⟨ns⟩, and for standard deviation, respectively; squares and circles
represent, respectively, the average number of clusters and standard deviation
obtained by simulation. Upper inset figures: plots of variance divided by mean,
σ 2/⟨ns⟩ (solid lines for theoretical prediction and circles for numerical data).
Lower inset figures: plots of ⟨ns⟩ for higher s (logarithmic scale). For each case,
05 independent simulations were performed The initial number of monomers
n the system was N = 100.

f monomer units in the system was estimated by the authors as
73, 141, 118, and 121 (for several time steps). Thus, we took the
verage of these numbers, N = 138. We also normalized the raw

data probabilities in such a way, that the number of monomers
N was preserved for each time step. Then, having the number
of clusters in the system for several time steps, the time in
minutes could be translated into the time steps counted as binary
coagulation acts. In this way, we obtained: t1 = 83, t2 = 95, t3 =

107, and t4 = 117. As we had N and t , we could instantaneously
plot the theoretical curves versus the data. Please see Fig. 4 for
6

the comparison of the data and the theoretical predictions for
the ER process (α = 1). Mostly, the data points for all of the
time points shown stay inside the area limited by the theoret-
ically predicted standard deviation. Evidently, the combinatorial
predictions described this coagulation process properly.

The methods and issues related to the numerical studies and
calculations are outlined in Appendix. The code used for the
simulations and for the theoretical predictions is available at
https://github.com/mlepek/aggregation.

6. Concluding remarks

As previously known, the exact combinatorial approach with
recursive equations gives excellent results for simple kernels
as the constant or additive [40]. In this research, we used the
combinatorial approach for determining the number xg of all
possible histories of a cluster of a given size to cover the LC kernel
with real power. This approach can be useful in studies on real
systems as, often, they are likely to behave as power functions.
We showed the performance of these combinatorial solutions by
comparing to the results of numerical simulations with a system
size of N = 100. The performance varied for different values
of α and different stages of coagulation. In the early stages of
the process (t = 30), we obtained excellent results for all of
kernel forms considered. In the later stages (t = 70), theoretical
predictions followed the numerical simulations with excellent
(α = 0.0, α = 0.3, α = 1.0) or, at least, high precision (α = 2.0).
In the last stages of the process, just before merging into one
single cluster (t = 95), the results remained very good for all
of the cases, preserving the top peak of the curve with excellent
precision. However, in the case of α = 2.0 and the regime
of the smallest clusters (s = 1, 2, 3, 4), theoretical predictions
were higher than the numerical results. Similarly, the precision
of standard deviation estimates decreased for low s and higher α.

In previous work on ER aggregation [47], Wattis and Mimouni
considered the form of the kernel (3) with α = 1 and, deriving
from the Smoluchowski’s equation, they obtained theoretical re-
sults that compare with the experimental data. This data has been
obtained in the setup [46] that used a small transparent cell con-
taining a colloidal suspension of spherical polystyrene particles
in a mixture of water (H2O) and heavy water (D2O). Wattis and
Minouni demonstrated that the data show good agreement with
their theory for the later stages of the aggregation process. How-
ever, there was a considerable difference between the theory and
the data at the initial time steps (please cf. Fig. 4 in [47]). In Fig. 4
we show that using the combinatorial approach presented herein
one can model the process with high precision for any stage of the
system evolution. Particularly, the quality of the solution Eq. (29)
is demonstrated in comparison with the experimental data.

The results presented in this work prove the evident generality
of the combinatorial approach. This generality is a new quality
in aggregation studies, since the only element needed to cover
another type of kernel is the number of possible histories of
a cluster, xg , which can sometimes be easily obtained. All of
the theoretical solutions are also supplied by the information
on the standard deviation for each kernel, providing ‘‘stochastic
completeness’’.

What can we suggest to be done further? For sure, an obvious
task is developing the approach to cover initial conditions other
than monodisperse conditions as it was done for the product
kernel in the Marcus–Lushnikov framework [50]. It would be
of particular interest in view of the known sensitivity of the
coagulation process to its initial conditions [51]. Of course, there
are also other interesting questions. Why the methodology used
here gives exact results for some kernels, while approximate for
others? Is it possible to modify the combinatorial expressions to

https://github.com/mlepek/aggregation
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Fig. 4. Theoretical calculations of the average number of clusters of size s, ⟨ns⟩, for the electrorheological coagulation (α = 1) compared to the experimental data of
oagulating polystyrene particles taken from [47]. Four time steps of the process are presented: t1 = 1 min (t = 83 in the time counted as binary aggregation acts),
2 = 3 min (t = 95), t3 = 5 min (t = 107), and t4 = 7 min (t = 117). The number of monomers in the system was estimated as N = 138. Solid and dashed lines
epresent theoretical predictions of ⟨ns⟩ and its standard deviation, respectively. Squares represent experimental data points.
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btain better results for the evolution after the phase transition
n case of the gelling kernels? Answering these questions would
ave a great impact on the coagulation theory as it would allow to
odel large variety of systems in arbitrary conditions with high
recision.
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ppendix A. Theoretical calculations

Here, we discuss the computational details of the calculations
f the presented equations and (in part B) the algorithm of the
umerical simulation of an arbitrary aggregation kernel. The code
or the simulations and for the theoretical predictions used in this
ork is available at https://github.com/mlepek/aggregation. The

nstructions on how to run and modify the code are included in
he repository.
7

The largest problem in applying theoretical predictions is an
xplosion of the number of digits of Bell polynomials for N >
00 as this number immediately exceeds the precision available
n standard programming environments. Thus, the calculations
ave to be done with the help of arbitrary precision computation
ackages. We used the GNU MPFR library [52] with the extension
PFRC++ [53] for the C++ language.
The second vital problem is the computational time. To avoid

alculation of solutions of Diophantine equation (the definition of
ell polynomial), which is NP-hard problem, it is more efficient
o compute Bell polynomials using recursive relation

n,k (g1, g2, . . . , gm, . . . , gn−k+1) =

n−k+1∑
m=1

(
n − 1
m − 1

)
gmBn−m,k−1,

(A.1)

here B0,0 = 1, Bn,0 = 0 for n ≥ 1, and B0,k = 0 for k ≥ 1. Using
his recursive equation, the time for Bell polynomial calculations
as significantly reduced. For the single-thread software running
n the single PC machine, the computational time needed to
alculate ⟨ns⟩ for all values of s (and N = 100) was about ten
econds. We believe this time to be relatively short, but, possibly,
t can be further reduced by software or hardware optimizations
r by parallel computing.

ppendix B. Implementing an arbitrary kernel in numerical
imulation

The numerical simulation term refers to a simulation of an
ggregating system of N particles that we have written in the C++
nvironment. The information on the number of clusters and on
he masses of these clusters are stored in the program memory
nd updated step by step in order with subsequent aggregation
cts. For each aggregation act, two clusters are selected randomly
rom the distribution suitable for the kernel which is simulated.

https://github.com/mlepek/aggregation
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The crucial part of the numerical simulation of the aggregating
system with binary aggregation acts is implementation of the
reaction kernel, K (i, j). The probability of merging of two clusters
of sizes i and j is proportional to the number defined by the
kernel. Thus, in each time step of the simulation, one must choose
two particles to be merged with probability proportional to K .
Now, we will show how to do this for several examples of kernels,
including the LC kernel.

Let us start with very basic example of the constant kernel.
Suppose, that we store the particles in a vector V1 and we
are about to choose two particles from this vector of available
particles to merge them. In the constant kernel, the probability
is K = 1, which means that all of the particles have the same
probability of being chosen for the coagulation act. In this case,
we can simply randomly choose (with uniform distribution) two
(different) particles from the vector and merge them. This will
implement the constant kernel.

Let us now consider the multiplicative (or product) kernel,
where K = ij. In this case, the probability of choosing a particle
for the coagulation act is proportional to its size. The easiest (and
fastest) way of implementing this kernel is to produce a vector V2
which stores the particles present in the system, but each particle
is stored multiple times — proportional to its size. For instance,
if we have 3 particles in the system, say, A of size 1, B of size 2
and C of size 5, the vector will store: [A, B, B, C, C, C, C, C]. Now,
we can randomly choose (with uniform distribution) two cells of
this vector and these two cells will indicate which two particles
we shall merge. This will implement the multiplicative kernel.

It is important to note, that when you choose two cells from
the vector, you shall check if they are related to different particles
(here: different letters) and discard your choice if they are from
the same particle. In this step, it is vital that you choose both cells
at once, check if they are from different particles, and discard
both if they are not. The other scenario of choosing, when you
choose one cell, and then you choose the second cell repeatedly
until it is from the other particle, is depreciated as it changes
the probabilities. If these two scenarios are compared, (slightly)
different results are observed.

It was shown in literature that the additive kernel can be
implemented by choosing randomly one cell from the vector V1
and one cell from the vector V2 [40,54]. These two cells indicate
the two particles to be merged.

The next example of a kernel, we will discuss, is an arbitrary
kernel which gives integer numbers but cannot be easily imple-
mented as the three kernels mentioned above (or, at least, such
an implementation is not known). As an example, we can take
K = 1 + i + j + ij. The solution to this case is to create a
vector of possible coagulation acts. Suppose, again, that we have
3 particles in our system, A of size 1, B of size 2 and C of size 5.
The possible coagulation acts are: A+B, A+C, and B+C. For each
pair of particles, the integer probability K of this coagulation act
can be calculated. For the pair A+B, the probability is K = 6,
for the pair A+C, the probability is K = 9, etc. Therefore, we
construct a vector containing possible pairs of particles where
a particular pair occurs K -times in the vector. For this case, the
vector will consist of: [A+B, A+B, A+B, A+B, A+B, A+B, A+C,
+C, A+C, A+C, A+C, A+C, A+C, A+C, A+C, B+C, B+C, B+C,
+C, B+C, B+C, B+C, B+C, B+C, B+C, B+C, B+C, B+C, B+C,
+C, B+C, B+C]. By choosing randomly one cell from this vector,
e determine which two particles shall be merged.
But, what if the kernel expression gives real numbers instead

f integers, e.g. the LC (ER) kernel, K =

(
1
i +

1
j

)
? The method

described in the previous paragraph is no longer usable. In this
case, what can we do? The answer to this question is that we
must modify our vector to store probabilities of coagulation acts,
8

instead of storing these coagulation acts themselves. Let us sup-
pose, again, that we have 3 particles in our system, A of size 1, B
of size 2 and C of size 5. As we are regarding the LC kernel, the
probability of merging A and B is 1.5, the probability of merging
A and C is 1.2, and the probability of merging B and C is 0.7.
Now, we construct a vector which contains cumulative sums of
the calculated probabilities. In the first cell we put the probability
of pair A+B, in the second cell we put the sum of probabilities of
+B and A+C, and in the last cell we put the sum of probabilities
f all pairs. Thus, our vector consists of three cells: [1.5, 1.5+1.2,
.5+1.2+0.7], which, finally, is [1.5, 2.7, 3.4]. The last step we
ust perform is to randomly choose (with uniform distribution)
real number from the range from 0.0 to 3.4, i.e., the maximal

last) value in the vector. This random number will indicate one
articular cell in the vector. Let us suppose we have randomly
hosen the number of 1.9. We check, if it is lower than or equal
o the first cell (1.5). It is higher, thus, we go to the next cell.
his time, the number of 1.9 is lower than the probability in
he second cell of the vector (2.7), thus, it is the cell of interest.
e know that in this second cell, we added the probability of

he pair of A+C, therefore, we shall take the pair A+C as the
oagulation act in this time step of our simulation. This way, we
ave implemented the LC kernel. The method described in this
aragraph is valid for any arbitrary kernel.
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