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Dominik Prochniewicz1; Ryszard Szpunar2; and Aleksander Brzezinski3

Abstract: The concept of global navigation satellite system (GNSS) real-time kinematic (RTK) positioning through the use of multiple reference
stations (Network RTK) is the most common approach to relative positioning, which makes it possible to achieve centimeter-level accuracy for medium baselines. In this approach, ionospheric and geometric correction terms, generated on the basis of a model of interpolation of the distance-dependent biases, are applied to the functional model of rover positioning. The accuracy and reliability of Network RTK performance depend on the
accuracy of the deﬁned correction terms. Especially during storm-level ionospheric activity, the applied spatial interpolation model might not be
suitable for the real ionospheric state, causing the ambiguity resolution to be less reliable, or even impossible, because of high residual errors. Thus,
the residual errors can substantially degrade the correctness of the functional model and should be accounted for to obtain optimal estimation of the
unknowns in the positioning model. One of the possible approaches for taking into account such errors is to introduce them into a stochastic model
rather than a functional model. This paper provides a method of taking into account residual errors in the stochastic description of the positioning
model by using the accuracy characteristics of the correction terms directly deﬁned in the network solution. It describes a method of developing the
proposed stochastic model (called the Network-Based Stochastic Model), including of the test results of the instantaneous Network RTK positioning performance. DOI: 10.1061/(ASCE)SU.1943-5428.0000188. © 2016 American Society of Civil Engineers.
Author keywords: Global navigation satellite system (GNSS); Network real-time kinematic (RTK); Stochastic model; Instantaneous ambiguity resolution.

Introduction
The dynamic development of global navigation satellite system
(GNSS) local and regional reference station networks over recent
years means that real-time kinematic (RTK) positioning technology using network corrections (known as Network RTK) has
become one of the main techniques for precise positioning in
numerous geodetic, navigational, and surveying applications.
Detailed research conducted over the past 20 years on methods
for defining ionospheric and geometric corrections, encompassing methods for spatial interpolation of distance-dependent errors
[e.g., the distance-based linear interpolation method (Gao et al.
1997); the linear combination model (Han and Rizos 1996, 1997);
the linear interpolation method (Wanninger 1995); the low-order
surface model (Fotopoulos and Cannon 2001); the least-squares
collocation method (Marel 1998; Raquet 1998); and the ordinary
kriging method (Wielgosz et al. 2003; Al-Shaery et al. 2011)], as
well as methods for forming and incorporating them into the positioning model [e.g., virtual reference station (VRS) (Vollath et al.
2000); the pseudo-reference station (PRS) (Retscher 2002); the
Flächenkorrekturparameter (FKP) (Wübbena et al. 1996); the
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master-auxiliary concept (MAC) (Euler et al. 2001); and individualized master-auxiliary corrections (i-MAX) (Brown and
Keenan 2005)] have made possible the precise defining of the
Network RTK functional model, which is dependent on the specific conditions for the given network as well as the need for accuracy by the given application. However, optimal estimation of the
model unknowns also requires a proper definition of the stochastic model describing the stochastic properties of the observation.
Besides the noise, stochastic models used in real-time applications should also take into account residual errors found after
applying the ionospheric and geometric (i.e., tropospheric and orbital) corrections. These errors express the accuracy of correction
estimates and are dependent on the current state of the GNSS signal propagating medium as well as the specifics of the network of
reference stations (geometry, distance between stations, and magnitude of the multipath). The instantaneous positioning model,
which utilizes observations from only a single epoch, is particularly demanding in this respect (Cellmer 2013). In such model,
the independent ambiguity resolution and the position estimate of
the user’s receiver are derived at every epoch. The independence
of individual solutions, the minimization of data-acquisition
time, and the insensitivity of the model to the occurrence of
carrier-phase cycle slips, as well as to the signal loss-of-lock,
make this method especially useful for kinematic positioning in
real time, where the object is in motion (Odijk 2001). However,
the small number of degrees of freedom for this model, as well as
the need to use code observations, means that the probability of
successful ambiguity resolution is low and that the reliability of
the estimated position is small.
Concerning the classification of functional GNSS positioning
models presented [e.g., Seeber (2003), Verhagen (2005), Odijk
(2008)], it might be assumed that the optimum solution, in terms
of reliability, for the instantaneous Network RTK method is a
positioning model (geometry-based model) applying double-
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differenced (DD) carrier-phase and code observations for two (or
more) frequencies, where the ionospheric and tropospheric
refraction introduced in the form of network correction terms are
assumed a priori as known values (i.e., the ionosphere-fixed troposphere-fixed model) (Odijk et al. 2000; Takasu and Yasuda
2010). A schematic functional description of this model is presented by the equation
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Eflg ¼ Ax þ BN ¼ l  e

(1)

where l = m vector of observed minus the computed DD observations; e is the vector of the observation errors; A and B = m  u and
m  n design matrices for rover position and ambiguities, respectively; x = u vector of unknown real-valued rover-position increments; N = n vector of unknown integer-valued DD ambiguities;
and E{·} denotes the expectation operator. The vector l in the case
of the linearized observation equation is expressed as
l ¼ y  q0  Dd d y

(2)

where the m vector y collected GNSS measurements; q0 = vector
of computed satellite-receiver ranges for approximate rover position; d y = vector of network correction terms; and Dd = design
matrix for modeling interfrequency dependence of corrections.
When dual-frequency (f1, f2) DD-phase (L1, L2), and code (P1, P2)
observations for k-number of tracking satellites [m = 4(k − 1)] and
individual correction terms determined separately for DD ionospheric refraction for L1 frequency and geometric (nondispersive) errors (Dai et al. 2003) [grouped in the (k − 1) dI and dG vectors, respectively] are used, the terms dy and Dd in Eq. (2) take on
the form of
3
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where In = identity matrix of size n.
The stochastic description of the ionosphere-fixed troposphere-fixed model takes only observation noise into account,
especially depending on the approach, its elevation dependency,
the cross correlation between observation types, and the time
correlation (Tiberius et al. 1999), which is neglected for the instantaneous solutions (Han 1997). Denoting the k  k variance–
covariance (vc) matrices of each type of undifferenced observation as CL1 ; CL2 ; CP1 ; and CP2 and the cross-correlation matrices
between the given type of observation for f1 and f2 as CL1 L2 and
CP1 P2 , its relevant vc matrix for DD observations, according to
the propagation law of variance, is expressed as
Dflg ¼ Cl ¼ 2DD C0 DTD
with

2

C L1
6 C L1 L2
C0 ¼ 6
4

and
© ASCE

C L1 L2
C L2

(4)
3
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CP2

(5)

DD ¼ blockdiag ðD D D

DÞ

(6)

where Cl = vc matrix of DD observables; and D = (k − 1)  k singledifferencing matrix (Takasu and Yasuda 2010). D{·} in Eq. (4)
denotes the dispersion operator. An important matter in this stochastic model is the proper estimation of an observation noise,
which might be performed on the basis of measurements for the
zero baseline (Amiri-Simkooei and Tiberius 2007) or by way of laboratory tests (Szpunar et al. 2012).
However, an acceptance of a priori ionospheric and tropospheric refraction values in the ionosphere-fixed tropospherefixed model results in the residual errors not being taken into
account in neither the functional nor the stochastic models. One
possible way for them to be taken into account in the positioning
model is in the application of a weighed model, which is a generalized approach through the parametrization of observation equations. This model assumes levels of atmospheric delays introduced into the functional model, including their accuracy
characteristics (Teunissen 1997; Odijk 2000). Thus, such an
approach takes into account residual errors in an alternative manner in the stochastic, not deterministic, way. However, in the case
of instantaneous positioning, a major challenge is the correctness
of the assumed characteristics of accuracy of the a prior atmospheric delays. It might be presumed that, from the point of view
of real-time instantaneous positioning, the optimum estimations
of the accuracy characteristics for assumed ionospheric and tropospheric refraction should be characterized by (1) the capture of
the current instantaneous state of the atmosphere, (2) the potential
for estimating residual errors in real-time, and (3) the use of data
exclusively from the current, single-observation epoch. From
among existing solutions, only the use of a monitoring station
makes it possible to fulfill such assumptions. However, when
applying such an approach, defining the representativeness of its
indications (especially for a regional network) and needing to
exclude it from the process of generating network corrections,
which overall increases distances between reference stations, is
problematic. An example of such an approach using a set of monitoring stations is presented in (Odijk 2000). Other applied solutions, described in the literature, are based on the selection of a
prior fixed values describing residual errors (Odijk 2001;
Grejner-Brzezinska et al. 2004; Wielgosz et al. 2005; Musa et al.
2003, 2004) or estimations of individual elements of the observation vc matrix for the given epoch on the basis of residual observations from previous epochs (Han 1997; Wang et al. 2005).
The successive sections of this paper present a new stochastic
model, the network-based stochastic model (NBSM), for instantaneous network RTK positioning through the use of network correction variance estimations as an accuracy characteristic of ionospheric and tropospheric residual errors. This model uses
correction term variances estimated directly in the network solution, together with estimations of the corrections themselves.
Such a solution enables the capturing of current residual error values on the basis of observations from a single epoch without using
observations from the monitoring station, which is the essential
difference compared to the existing models. This approach predisposes the NBSM for application in instantaneous Network
RTK positioning. The paper describes the proposed stochastic
model and presents a way to define correction term variances as
well as to incorporate them into the model. Also, an analysis of
the test results, including of the instantaneous ambiguity resolution and positioning accuracy, are presented and discussed. The
last section contains a summary and conclusions relating to the
presented solutions.
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Network-Based Stochastic Model
The primary assumption of the proposed model is that observational
residual errors remaining after applying network corrections can be
described by using the variances of those corrections. Assuming
that 2(k − 1) vector de encompasses ionospheric and geometric residual errors, respectively, Eqs. (1) and (2) might be presented in
the following form:
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y þ deÞg ¼ Ax þ BN
Efy  q0  Dd ðd^

where d^
y denotes the vector of estimated network correction terms.
However, if the corrections are defined in the network solution
as unbiased estimators, the term d e in Eq. (7) is eliminated.
Accordingly, the dispersion operator of the left-hand side of Eq. (7)
with respect to Eq. (4) can be presented using
Dflg ¼ Dfy  q0  Dd ðd y^þdeÞg ¼ Dfyg þ DfDd deg
¼ EfeeT g þ Dd EfdedeT gDTd ¼ Cl þ Dd Cd y DTd

(8)

where Cd y = diagonal matrix of correction variance estimates
(whose individual variances of the main diagonal correspond to
estimated correction terms in vector d^
y ).
With the assumed notation Dd Cd y DTd ¼ Cd , in accordance with
Eq. (8), the general form of the proposed weighed model—the
NBSM—is presented by the following equation:
Dflg ¼ Cl þ Cd

(9)

The detailed form of Eq. (9) is presented in Prochniewicz
(2014).
Fig. 1 illustrates the comparison of the non-zero elements of
the variance–covariance matrix for the ionosphere-fixed troposphere-fixed model [defined by Eq. (4)] with the NBSM. The presented examples correspond to dual-frequency phase and code
observations for six satellites, of which cross-correlation between
observations of the given type for two frequencies are taken into
account. The colors gray and black mark the non-zero elements of
the relevant matrices Cl and Cd . It is possible to note from this
comparison that NBSM takes into account additional correlations
of the observation that were not included in the fixed model. It
must be stressed that the solution proposed here is a simplified
approach because of neglect of the correlation between corrections, which is caused by DD of observations. To take this correlation into account, it is necessary for the estimated variance to be
decomposed for the DD to the nondifferentiated level, which,
however, is equivalent to considering additional assumptions that
might give rise of new errors.
Of particular importance from the point of view of the correctness of the NBSM definition is the assumption of an appropriate
method for estimating the correction variance. This method is
linked directly to the assumed interpolation model for ionospheric and geometric distance-dependent errors. Numerous
comparisons of the methods of the spatial interpolation of errors,
as listed in the Introduction and presented in, e.g., Dai et al.
(2004), Geisler (2006), Prochniewicz (2011), Al-Shaery et al.
(2011), demonstrate that the accuracy of correction through the
use of individual methods is similar. However, the main difference in using these methods consists of different ways for estimating the correction variance (with the exception of the
distance-based linear interpolation method, for which such estimation is not possible). When the spatial distribution of correction
© ASCE

(a)

(7)

(b)

Fig. 1. (a) Nonzero elements of the variance–covariance matrix for the
ionosphere-ﬁxed troposphere-ﬁxed model; (b) network-based stochastic model

term errors is described, it might be assumed that (Landau et al.
2003, 2007) (1) correction errors increase with distance to the nearest reference station, (2) correction errors at reference stations are
zero, and (3) spatial distribution of errors is continuous for the area
encompassed by the reference station network. Those assumptions
are met only by the geostatistical method of interpolation, e.g., the
ordinary kriging method (OKR) or the least-squares collocation
method (LSCM). These methods are characterized by a high accuracy of ionospheric and geometric error interpolation and also in
cases of atmospheric disturbances. However, they are based on a
description of a random field by using a covariance or semivariance function whose reliability estimation requires the use of at
least several reference stations.
The OKR method, which is based on approximation of empirical variogram by the Gaussian model, is used for applying NBSM
in the further section of this paper. The correction estimation,
including its variance, was performed separately for DD ionospheric and geometric errors, independently for each epoch and
for each satellite. Detailed mathematical formulas relating to the
OKR method are presented in Webster and Olivier (2001);
Wackernagel (2003); Al-Shaery et al. (2010, 2011); and Ligas
and Kulczycki (2010).

Experiment Design and Test Results
Solutions provided by the two models, the ionosphere-fixed troposphere-fixed model (referred to as the fixed model) [see Eqs. (1)
and (4)] and the NBSM [Eqs. (1) and (9)], were compared to test the
proposed stochastic model. Those models differ only in the estimate
of correction terms variance in the stochastic description; in the
fixed model, the variance matrix Cd was set to zero. Analysis of the
solution was conducted for both the results of ambiguity resolution
(ambiguity estimation and its validation) and the positioning
accuracy.
The northeast area of the Polish part of the EUPOS geodetic network, known as ASG-EUPOS (Bosy et al. 2008), was used as the
test network. The network consisted of 13 reference stations as well
as 2 stations (LOZM, located in the center of the reference network,
and BPDL, located at the edge of the network) that were used as the
user’s receivers (Fig. 2). The test network encompassed an area of
approximately 220  230 km, where the average distance between
stations was approximately 70 km, with a maximum height difference of 82 m. The test baselines between the nearest reference station and the user’s receiver amounted to 54.5 and 58.7 km for
MYSZ-LOMZ and SIED-BPDL, respectively. The tests used dualfrequency phase and code GPS observations for a 24-hour session
with 15-second intervals, and a cutoff elevation angle of 10°. The
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observations were collected on July 15, 2012, which was a day of
strong ionospheric
P disturbances with a maximum Kp index (Bartels
1957) of 7 o ð ¼ 47Þ.
The stochastic model of the noise of observations assumes the
dependence of its variance on satellite elevation e : s L1 ¼
0:002 þ 0:0015= sin e [m] for undifferentiated carrier-phase L1
observations s L2 ¼ ðf1 =f2 Þs L1 as well as s Pi ¼ 100s Li , respectively, for observation L2 and code observations Pi for fi carrierwave frequencies. The cross-correlation between observations of a
given type for various frequencies for the same satellite was
assumed to be covL1 L2 ¼ ðf1 =f2 Þ  ð0:003 mÞ2 and covP1 P2 ¼
ð0:35 mÞ2 (Teunissen et al. 1998). Estimation of corrections, as well
as of their variances, were made through the use of the OKR method
with the Gaussian variogram model, independent of ionospheric
and geometric errors. Fig. 3 presents the actual standard deviation
for the network corrections (square root of diagonal elements of the
variance–covariance matrix Cd for L1), which were applied for the
NBSM for the test baselines.

The ambiguity was resolved in instantaneous mode through the
use of the ILS estimation applying the MLAMBDA method (Chang
et al. 2005). Table 1 contains the results of integer ambiguity estimation for two models compared with the true values computed on
the basis of the known coordinates of the user’s receivers. The
results of ambiguity estimation were much better for the test baseline located in the center of the network (MYSZ-LOMZ) and
reached 98% for the fixed model compared to 70% for the baseline
SIED-BPDL located outside of the network. However, applying the
NBSM increased the number of correct solutions for both baselines
by approximately 1.5% for MYSZ-LOMZ and by approximately
19.6% for SIED-BPDL to the similar levels of 99.8 and 90.1%,
respectively.
In the next step of ambiguity resolution, the estimated integer
values were validated by using the R-ratio test (Euler and Goad
1991). Table 2 gives the results of this validation for three critical
values (cR): 1.5, 2, and 3. In Table 2, the ratio of the number of solutions for which ambiguity was correctly estimated and validated to
the total number of solutions (labeled as Success AR) is presented.
In addition, the table shows the number of epochs for which a Type
II error occurred, which involves failure for the validation test to
reject the wrong ambiguity estimation (labeled as Failure

Table 1. Ambiguity Estimation Success Rate (Resolved Compared to
True Values) for the Test Baselines
Baseline

Model

 ¼ N(%/epoch)
N

 6¼ N
N

MYSZ-LOMZ (54.5 km)

Fixed
NBSM
Fixed
NBSM

98:4=5; 665
99:8=5; 743
70:5=4; 059
90:1=5; 188

1:6=92
0:2=14
29:5=1; 698
9:9=569

SIED-BPDL (58.7 km)

Table 2. Results of Discrimination R-Ratio Test for the Test Baselines

Fig. 2. Map of the reference station test network

(a)

Baseline

Model

MYSZ-LOMZ
(54.5 km)
SIED-BPDL
(58.7 km)

cR:
Fixed
NBSM
Fixed
NBSM

Success AR/failure acceptance
(%/epoch)
1.50
94.4/12
98.3/0
51.3/296
67.5/93

2.00
88.4/5
95.6/0
35.9/115
45.5/22

3.00
76.3/0
82.9/0
19.2/14
19.5/5

(b)

Fig. 3. Standard deviations of the network corrections for test baselines: (a) MYSZ-LOMZ; (b) SIED-BPDL
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(a)

(b)

(c)

(d)

Fig. 4. (a and c) Horizontal and (b and d) vertical components of position residuals of user’s station for test baseline MYSZ-LOMZ: (a and b) ﬁxed
model; (c and d) NBSM

Acceptance). The comparison of results shows that the NBSM
allows more effective ambiguity resolution (for which a Type II
error is minimized) with a significantly lower critical value of the
validation test than is the case in the fixed model. The success rate
of AR was increased to a maximum of 7% for MYSZ-LOMZ (cR =
3) and of 16% for SIED-BPDL (cR = 1.5). In addition, a clear dependency between the effectiveness of the ambiguity resolution and
the location of the user’s receiver is visible, but the difference in
Success AR for both baselines is smaller in the case of applying
NBSM.
Figs. 4 and 5 and Table 3 present a comparison of user’s
receivers position estimate for fixed baseline solutions for both
models. The RMS; the standard deviation; and the mean of residual values for horizontal components (dN and dE), as well as the
height component (dU) calculated on the basis of a comparison of
the estimated receivers position with its known (true) value only
for those solutions with correct ambiguity resolution, were
obtained. The last column shows the reduction of the RMS value
for the individual components computed by applying the NBSM
compared with the fixed model. This comparison shows that the
application of the NBSM significantly decreased the RMS value,
as well as the standard deviation, by approximately 25–30% for
the horizontal components and 15% for the height component
similarly for both baselines. The standard deviation of estimated
position was improved for the NBSM with respect to the fixed
© ASCE

model by approximately 2–6 mm for all components. Furthermore,
most of the estimated positions for the NBSM fall within the 63 cm
range on horizontal plane and the 65 cm for vertical component,
which must be considered as a very good result for instantaneous
Network RTK positioning.

Conclusions
This paper presents a method for incorporating the characteristic of
network correction accuracy into the stochastic description of a
positioning model. The estimation of correction variance is performed independently for each epoch together with the estimation
of ionospheric and geometric corrections, which enables the capture
of the current instantaneous magnitude of residual errors. Thus, this
solution is especially dedicated to the instantaneous Network RTK
technique, which is based on observations from a single epoch only.
The stochastic model presented in this paper, called the networkbased stochastic model, is compared with the ionosphere-fixed troposphere-fixed model, which is the standard model for the Network
RTK. Analysis of results for the test field indicates that both the ambiguity integer estimation and the validation are characterized by a
significantly higher success rate for the solution proposed in this paper. Application of the NBSM reduced also the rover positioning
errors down to the level of 15–30%.

05016004-5

J. Surv. Eng., 05016004

J. Surv. Eng.

Downloaded from ascelibrary.org by Dominik Prochniewicz on 07/27/16. Copyright ASCE. For personal use only; all rights reserved.

Pobrano z http://repo.pw.edu.pl / Downloaded from Repository of Warsaw University of Technology 2023-01-09

(a)

(b)

(c)

(d)

Fig. 5. (a and c) Horizontal and (b and d) vertical components of position residuals of user’s station for test baseline SIED-BPDL: (a and b) ﬁxed
model; (c and d) NBSM
Table 3. Results of Position Estimation (Only for Correct Fixed Solution) for the Test Baselines
Fixed model (mm)
Baseline

NBSM (mm)

Component

RMS

SD

Mean

RMS

SD

Mean

RMS reduction (%)

dN
dE
dU
dN
dE
dU

13.7
8.9
25.7
22.9
14.2
47.8

12.7
8.9
25.5
22.0
14.2
36.2

5.2
−0.2
3.3
6.3
1.1
31.3

10.3
6.2
22.1
16.0
10.6
41.0

9.0
6.2
21.5
15.6
9.8
34.6

5.1
0.4
4.9
3.6
4.0
22.1

24.8
30.3
14.0
30.1
25.4
14.2

MYSZ-LOMZ
(54.5 km)
SIED-BPDL
(58.7 km)

Note: SD = standard deviation
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