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Low Quantum Cost Realization of Generalized Peres
and Toffoli Gates with Multiple-Control Signals

Marek Szyprowski and Paweł Kerntopf

Abstract— Multiple-control Toffoli gates are basic building
blocks for reversible and quantum circuits. 3-bit Peres gate
can be considered as a pair of 3-bit and 2-bit Toffoli gates,
which can be implemented with fewer elementary quantum
gates (what defines a metric called quantum cost) than the
total number of elementary quantum gates required by each of
Toffoli gates implemented separately. Due to this property, Peres
gates are often used for quantum cost reduction of reversible
circuits. This paper introduces a generalization of the Peres
gate with n > 2 control signals. For such generalized gates
corresponding quantum circuits are presented. The realizations
have quantum cost of n2 and require no ancillary signals. The
proposed designs are built from elementary quantum gates,
which consist of NOT, controlled NOT, controlled ’square-
roots-of-NOT’ (known as controlled V /V+ gates) and controlled
’higher roots-of-NOT’ (up to 2n−1-roots-of-NOT). The obtained
quantum circuits are not entangled. The proposed designs are
used to construct Toffoli gates of n control signals with quantum
cost of 2n2− 2n+ 1 and using no ancillary signals. This is an
improvement in comparison with 2n+1 − 3 and 48n2 + O(n),
which are quantum costs of the known designs of the multiple-
control Toffoli gate without ancillary signals.

I. INTRODUCTION

Research of reversible functions is motivated mainly by
the advances in quantum computing, nanotechnology and
low power design. In 1961 Landauer [7] proved that any
conventional, irreversible gate dissipates a certain amount
of energy per each irreversible bit operation. Bennett [3]
demonstrated that power dissipation can be avoided in a
circuit if and only if it is built from reversible gates. Many
methods of reversible circuit synthesis have been developed
[5, 16]. Most of them construct circuits from multiple-control
Toffoli gates, which are then decomposed into cascades of
the elementary quantum gates. A number of papers have
recently been published on constructing such decompositions
for any size of the reversible gates [9–11, 17–19]. There
are also papers, which focus on reducing the number of
elementary quantum gates in the given reversible or quantum
circuit [19–22]. The number of elementary quantum gates
required to build the circuit is a common metric called
quantum cost.

One of the well known examples of savings in quantum
cost of the reversible circuit is the Peres gate [8, 15]. Peres
gate can be considered as a pair of Toffoli and CNOT
gates. The sum of quantum costs of those two gates is
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6, however the reversible function of Peres gate can be
implemented with only 4 elementary quantum gates, see Fig.
3. This simple example shows that constructing circuits from
gates other than multiple-control Toffoli gates might lead to
lower quantum cost of reversible circuits. In our research we
decided to check if the properties of 3-bit Peres gate can be
extended to gates of more variables.

In this paper we present our generalization of the Peres
gate [15] to n-control signals. The presented generalization
consists of the formula for the function realized by such
gate and a method of construction for the quantum circuit
implementing it. The proposed circuit has quantum cost
lower than the quantum circuit for the respective n-control
Toffoli gate. Our designs have been succesfully used to
construct a low-cost quantum circuits for large multiple-
control Toffoli gates with no ancillary lines and to reduce
their quantum cost in comparison with the known designs.

The paper is organized as follows. Section II recalls all
basic concepts of reversible and quantum logic. In Section
III a generalized n-control Peres gate and a method for con-
structing the quantum circuit for such gates are introduced.
The correctness of the described construction is proven
by the induction. Section IV presents some examples of
application of the gates introduced in the previous section.
Such gates can be used for contructing n-control Toffoli
gates with significantly lower quantum cost in comparison
with the best circuits known from the literature. Section V
summarizes the paper with conclusions and a suggestion for
further research.

II. PRELIMINARIES

Definition 1: A completely specified n-input n-output
Boolean function (referred to as n× n function) is called
reversible if it maps each input assignment into a unique
output assignment.

Therefore reversible functions are bijective mappings.
Definition 2: An n-input n-output (n×n) gate (or circuit)

is reversible if it realizes an n×n reversible function.
In a reversible circuit fanout of each gate output has to

be equal to 1. As a consequence n×n reversible circuits are
cascades of k× k reversible gates (k ≤ n).

Let ⊕ denote XOR operation.
Definition 3: n-control Toffoli gate is (n+1)×(n+1) re-

versible gate, which performs the operation:

(x1, ...,xn)→

{
(x1, ...,xn,x1...xn⊕ xn+1), for n≥ 1,
(1⊕ x1), for n = 0.

(1)

Po
br

an
o 

z 
ht

tp
://

re
po

.p
w

.e
du

.p
l /

 D
ow

nl
oa

de
d 

fr
om

 R
ep

os
ito

ry
 o

f W
ar

sa
w

 U
ni

ve
rs

ity
 o

f T
ec

hn
ol

og
y 

20
23

-0
5-

24



Zero-control Toffoli gate (n = 0) is called NOT gate.
Single-control Toffoli gate (n = 1) is called controlled-NOT
(CNOT in short), double-control Toffoli gate (n = 2) is the
original gate proposed by Toffoli [24]. n-control Toffoli gates
are often also called multiple-control Toffoli gates. Figure 1
presents conventionally used graphical symbols of n-control
Toffoli gates for n = 0,1,2. Similar symbols are used for
n > 2.

Each n-control Toffoli gate inverts one input signal if and
only if all others input signals are ones, passing these inputs
unchanged to corresponding output signals. Signals which
are passed unchanged from input to output of the gate are
called control lines. The signal which can be modified by
the gate control signals is called target line.

Definition 4: An ancillary line is a circuit line of a gate,
which is not used as the target nor as a control line for the
given gate.

It can be noticed that two consecutive identical n-contol
Toffoli gates cancel each other and yield the identity map-
ping. Each n-control Toffoli gate is self-inverse, i.e. equal
to its own inverse. A circuit for inverse of a function can
be obtained by reversing the order of gates in a circuit
implementing the function itself and substituting each gate
by its own inverse.

NOT CNOT 2-control Toffoli
Fig. 1. Graphical symbols of n-control Toffoli gates for n = 0,1,2;
⊕ symbol indicates the target line (the signal which is optionally inverted),
while • (black dot) symbols depict control lines.

The operation of each reversible gate can also be consid-
ered at the quantum gate level. Logic operations in quantum
computation are different from the classical Boolean logic. In
quantum computation the information (called qubit) is stored
as quantum state of the certain quantum object (e.g. electron
or photon). The quantum gate refers to any physical process,
which is applied to change the state of those objects. Boolean
states 0 and 1 are mapped to quantum states |0〉 and |1〉 [14].

Quantum gates are inherently reversible, meaning that
there exists the inverse operation cancelling the effect of
the original operation. The operation realized by an n-qubit
quantum gate can be represented by a unitary square matrix
of dimension 2n, whose elements are complex numbers [17].
The simplest reversible and quantum gate, NOT, is described
by the following matrix:

N =

(
0 1
1 0

)
(2)

In the literature various unitary quantum gates have been
examined [2]. Recently the unitary quantum gates which
form the set of kthroots-of-NOT have been discussed [6, 25].
They are defined by the following matrix operation [6, 17]:

Rk = N1/k = 1
2

(
1+ i2/k 1− i2/k

1− i2/k 1+ i2/k

)
. (3)

Let define R+
k as adjoint (complex conjugate transpose) of

Rk. It can be shown that matrix Rk is unitary [17]:

R+
k = 1

2

(
1+ i−2/k 1− i−2/k

1− i−2/k 1+ i−2/k

)
, (4)

Rk ◦R+
k = Id, (5)

where ◦ denotes matrix multiplilcation and Id denotes
identity matrix.

Some common symbols have been introduced for Rk
matrices for k = 2,4,8: V [2], W [17] and X [12]. The
following dependences take place [6, 19]:

V = R2 = N1/2, V ◦V = N, V+ ◦V+ = N,

V = 1+i
2

(
1 −i
−i 1

)
,

V+ =V−1 = 1−i
2

(
1 i
i 1

)
,

(6)

W =R4=N1/4, W ◦W =V, W+ ◦W+ =V+,

W = 1
2

(
1+ i1/2 1− i1/2

1− i1/2 1+ i1/2

)
,

W+=W−1= 1
2

(
1− i3/2 1+ i3/2

1+ i3/2 1− i3/2

)
,

(7)

X =R8=N1/8, X ◦X =W, X+ ◦X+ =W+,

X = 1
2

(
1+ i1/4 1− i1/4

1− i1/4 1+ i1/4

)
,

X+=X−1= 1
2

(
1− i−1/4 1+ i−1/4

1+ i−1/4 1− i−1/4

)
,

(8)

The above cases show the generic dependences between
Rk matrices for k = {2, ...,2m} [17]:

R2m ◦R2m = R2m−1 , R+
2m ◦R+

2m = R+
2m−1 . (9)

Definition 5: A controlled U quantum gate is a quantum
gate which acts on two qubits, called control and target
qubits, respectively (also called lines, as an analogue to
reversible circuits), which applies the transformation matrix
U to the target qubit iff the value of the control qubit is equal
to |1〉.

The inverse of a controlled U gate is another quantum gate,
which is equivalent to the controlled U−1 quantum gate.

When control signal of a controlled U gate is equal to |1〉,
the gate is called activated, otherwise it is called disabled.
A controlled kth-root-of-NOT gate is a common name for
the controlled Rk quantum gate. The inverse of such gate is
controlled R+

k quantum gate, which is also called controlled
inverse-of-kth-root-of-NOT gate.

c-V c-V+ c-W c-W+ c-X c-X+

Fig. 2. Graphical symbols for six quantum gates implementig controlled
kth-root-of-NOT gates and their inverses; commonly used symbols are: V
and V+ for k = 2, W and W+ for k = 4, X and X+ for k = 8.
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In the literature the following controlled quantum
gates have been introduced: controlled-V , controlled-V+

[2], controlled-W , controlled-W+ [17], controlled-X , and
controlled-X+ [12]. Graphical symbols for them are shown
in Fig. 2.

Definition 6: A Semi-Classical Quantum Circuit is a
quantum circuit, in which quantum states at all control lines
of the controlled quantum gates always belong to the base
states, |0〉 and |1〉 (Boolean values), when all input signals
are also Boolean values [19].

Definition 7: Qubits of a quantum circuit are in an entan-
gled quantum state if it is not possible to separate contribu-
tions of the state of the individual qubits from the state of
the whole system [14].

All the introduced controlled kth-root-of-NOT gates are
not entangled. Semi-Classical Quantum Circuits are never
entangled as long as their inputs are initialized to Boolean
values [17, 19].

III. GENERALIZED PERES GATE

The Peres gate, introduced in [15], can be considered
as a pair of 3-bit and 2-bit Toffoli gates, which can be
implemented with 4 elementary quantum gates in total. This
is less than 6, what equals to the total number of quantum
gates required by both Toffoli gates implemented separately,
see Fig. 3. Due to this property, Peres gates are often used
for quantum cost reduction of the reversible circuits.

Fig. 3. Reversible and quantum circuits for 3-bit Peres gate with 2 control
signals: x1 and x2.

Our generalization of the Peres gate to n control signals
is given by the following definition:

Definition 8: A generalized n-control Peres gate is
(n+1)×(n+1) reversible gate, which performs the operation:

(x1, ...,xn,xn+1)→ (x1,x1⊕x2,x1x2⊕x3, ...,x1x2...xn⊕xn+1),
(10)

where n≥ 2.
For the above defined, generalized n-control Peres gate the

term target line refers to the signal xn+1 which is inverted iff
all other input signals equals to 1. All other input signals are
called control lines, in spite of the fact, that signals xi, i≤ n,
are also inverted depending on values of x j input signals,
where j = 1, ..., i−1. Those names have been introduced as
analogues to target and control lines of generalized Toffoli
gates.

Examples of quantum circuits for 4-bit and 5-bit Peres
gates with 3 and 4 control lines, respectively, are shown in
Fig. 4.

The reversible circuit implementing generalized n-control
Peres gate can be constructed as a cascade of n−1 reversible
Toffoli gates, as it is depicted on the left side of Fig.
5. It can be checked by inspection that the cascade of

n−1 multiple-control Toffoli gates implements the reversible
function defined by equation (10).

Fig. 4. Reversible and quantum circuits for generalized 4-bit (upper
picture) and 5-bit (lower picture) Peres gates with 3 and 4 control signals,
respectively. Sub-circuits, which implement 3-bit and 4-bit Peres gate
components are marked with grey box.

The construction of a quantum circuit with no ancillary
lines for the generalized n-control Peres gate is depicted
in Fig. 5. The presented circuit consists of 3 parts. The
first part constains n controlled quantum gates. Each such
gate, controlled by the xi input signal, applies kthroot-of-
NOT operation to target xn+1 line, where k = 2n−1 for i = 1
and 2n−i+1 for i = 2, ...,n. The second part of the circuit is
a sub-circuit implementing (n−1)-control Peres gate. The
last part of the circuit is almost similar to the first one. It
consists of n− 1 controlled quantum gates, only a kthroot-
of-NOT gate (where k = 2n−1) with the control signal x1
has been ommited. Each gate in the last part of the circuit
implements an inverse of the operation of the corresponding
gate from the first part of the circuit, see Fig. 5.

Fig. 5. Reversible (left side) and quantum (right side) circuits for
generalized Peres gate with n control signals, k = 2n−1; box depicts a sub-
circuit which implements generalized Peres gate with n−1 control signals.

All elementary quantum gates used in the presented
construction are controlled kthroot-of-NOT and controlled
inverse-of-kthroot-of-NOT gates for k = 21,22,23, ...,2n−1,
hence the and symbols are used in Fig. 5 for rep-
resenting them.

Theorem 1: The above described recursive procedure
leads to a circuit built from elementary quantum gates,
which implements reversible function of n-control Peres gate,
defined by the equation (10).

Proof: The correctness of the proposed quantum design
can be proven by inspection of all possible Boolean values
of control signals, with the assumption that the sub-circuit
implementing an (n−1)-control Peres gate also implements
the correct circuit. For n = 2 the proposed quantum design
(see Fig. 3) is equivalent to already known quantum circuits
for the original Peres gate [8].
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Case 1: All control signals x1, ...,xn are equal to 1.
First n kthroot-of-NOT quantum gates (controlled by

x1, ...,xn signals) are activated and apply their operation
to target line. The first two quantum gates from the left
(controlled by x1 and x2 signals) apply 2n−1th-root-of-NOT
two times to the xn+1 signal, what is equivalent to a 2n−2th-
root-of-NOT gate. The next gate applies 2n−2th-root-of-NOT,
what together with previous gates results in a 2n−3th-root-of-
NOT gate applied to xn+1 signal. This reasoning can be con-
tinued up to the quantum gate controlled by xn signal, which
applies square-root-of-NOT. The total operation applied to
xn+1 signal is equivalent to NOT gate and xn+1 signal is
being inverted. Then the (n−1)-control Peres gate is applied
to x1, ...,xn signals, which inverts the values of all signals
x2, ...,xn from 1 to 0. As none of the last (n− 1) quantum
controlled gates gets activated, thus the value of xn+1 signal
is no more changed. Thus, it has been shown that the circuit
inverts xn+1 signal as well as sets all x2, ...,xn signals to zero
what matches the operation of the generalized n-control Peres
gate.
Case 2: The signal x1 equals to 0 and the signals x2, ...,xn
have any values.

The first quantum gate controlled by x1 is not activated.
Then, some of the next n−1 quantum gates (controlled by
x2, ...,xn signals) might be activated. However, none of the
x2, ...,xn signals is changed by the (n−1)-control Peres gate,
because the value of the control signal x1 is equal to zero.
Thus, some of the quantum gates controlled by the signals
x2, ...,xn in the last part of the circuit gets activated. The set
of activated gates depends on the values of x2, ...,xn input
signals, but it can be easily noticed that to each controlled
gate activated in the first part of circuit corresponds a gate
in the last part of the circuits. Such pair of corresponding
gates share the same control signal xi for i = 2, ...,n and
perform operations which cancel each other, so in the end
all operations applied to xn+1 are canceled and the initial
value of the signal is restored. Thus, it has been shown that
none of the signals passing through the circuit is changed,
what matches the operation of the generalized n-control Peres
gate.
Case 3: The signal x1 equals to 1, the signal x2 equals to 0
and the signals x3, ...,xn have any values.

This case is similar to the case 2 above. The main differ-
ence is the fact that the first quantum gate controlled by x1
signal is being activated and 2n−1th-root-of-NOT operation is
applied to xn+1 signal. Then, (n−1)-control Peres gate passes
x3, ...,xn signals unchanged (x2 is equal to zero) and finally
inverts x2 signal to 1, because x1 signal is equal to one. Thus
in the last part of the circuit the quantum gate controlled by
the signal x2 is being activated canceling the operation of
the first gate in the circuit. For the other controlled gates
in the first and last part of the circuit the reasoning from
case 2 can be applied, so in the end no signals are altered
besides x2, which gets inverted, what matches the operation
of generalized n-control Peres gate.
Case 4: The signals x1, ...,xk are equal to 1, xk+1 equals to
0 and signals xk+1, ...,xn have any values, for k ≤ n−1.

This case is an extension of the reasoning from the
case 3. First k quantum gates of the circuit (controlled by
x1, ...,xk signals) are being activated. This in effect applies
the 2n−kth-root-of-NOT operation to the xn+1 signal (see
similar reasoning in case 1). Then, (n−1)-control Peres gate
passes xk+2, ...,xn signals unchanged (xk+1 is equal to 0)
and inverts x2, ...,xk+1 signals. As a result, x2, ...,xk signals
get zero value and xk+1 is changed to 1. In the last part
of the circuit, quantum gates controlled by x2, ...,xk are
not activated and make no changes to xn+1 signal. Then
the gate controlled by xk+1 is being activated and applies
operation canceling 2n−kth-root-of-NOT to xn+1 signal, what
in turn restores the initial value of xn+1 signal. Quantum
gates controlled by xk+2, ...,xn signals which might have been
activated in both the first and the last part of the circuit,
cancel each other the same way as in the case 2. Thus, it
has been shown that the circuit inverts x2, ...,xk+1 signals,
what matches the operation of generalized n-control Peres
gate.

The above reasoning covers all possible combinations of
values of input signals and thus ends the proof.

Lemma 1: The presented quantum design for n-control
Peres gate requires n2 elementary gates.

Proof: The proposed construction for n = 2 requires 4
elementary quantum gates (like the original Peres gate [8])
and for n > 2 the following formula takes place:

Pn = 2n−1+Pn−1 (11)

where Pk is the number of elementary quantum gates used to
build a circuit for k-control Peres gate. By induction proof
one can easily show that Pn = n2.

Lemma 2: The proposed construction for n-control Peres
gate results in circuits which are semi-classical quantum
circuits.

Proof: It can be checked by inspection that there is
no quantum gate controlled by a signal which might not be
in the Boolean domain. In the circuit shown in Fig. 5 all
gates which modify the state of a signal change only the
signal xn+1, which is not used as a control signal for any
other gate. The output value for the signal xn+1 is restored to
the Boolean domain, as the circuit implements the reversible
function given in Definition 8.

The quantum circuit design presented in Fig. 5 is sym-
metrical with respect to the inversion of the controlled kth-
root-of-NOT gates. This means that the controlled quantum
gates in both first and last part of the circuit can be replaced
with their respective inversions and the reversible function
implemented by the circuit remains the same. An example
of such exchange for 3-control Peres gate is presented in
Fig. 6. The above described inversion of controlled quantum
gates with target xn line can be done for each recursion level
of the presented construction separately.

The original Peres gate (with 2 control lines) is not self-
inverse [8]. The circuit implementing inverse Peres gate can
be constructed by reversing all gates in the circuit and replac-
ing each quantum gate by its own inverse. Similar procedure
can be applied to construct generalized inverse Peres gate.

Po
br

an
o 

z 
ht

tp
://

re
po

.p
w

.e
du

.p
l /

 D
ow

nl
oa

de
d 

fr
om

 R
ep

os
ito

ry
 o

f W
ar

sa
w

 U
ni

ve
rs

ity
 o

f T
ec

hn
ol

og
y 

20
23

-0
5-

24



The quantum circuit implementing the generalized n-control
inverse Peres gate is depicted in Figure 7.

Fig. 6. Two equivalent quantum circuits implementing a generalized
3-control Peres gate; grey boxes depict the sub-circuit which implements a
2-control Peres gate.

Fig. 7. Reversible (left side) and quantum (right side) circuits for
generalized n-control inverse Peres gate; the box depicts the sub-circuit
which implements generalized (n−1)-control inverse Peres gate.

It can be checked by inspection that the quantum circuits
from the right side of Figure 5 and the right side of
Figure 7, when cascaded to each other, produce identity
mapping, because each gate from one circuit cancels with
the respective gate from the inverse circuit.

IV. APPLICATIONS OF GENERALIZED PERES GATES

Many methods of reversible circuit synthesis have been de-
veloped [16]. Most of them construct circuits from multiple-
control Toffoli gates, which are later decomposed into ele-
mentary quantum gates. A number of papers have recently
been published on constructing such decompositions for
any size of reversible gates [9–11, 17–19]. This shows that
finding a decomposition of multiple-control Toffoli gate with
least quantum cost is an important problem. In this section
we present an application of the generalized multiple-control
Peres gates to contructing multiple-control Toffoli gates with
reduced quantum cost in comparison with previous designs.

Figure 8 presents how a single generalized n-control
Toffoli gate can be implemented by a cascade consisting of
generalized n-control Peres gate and (n−1)-control inverse
Peres gate.

Fig. 8. Reversible circuit implementing a generalized n-control Toffoli gate
as the cascade of an n-control generalized Peres gate and an (n−1)-control
inverse Peres gate (each of the gates is marked as a grey box).

It can be easily checked that the circuit presented in Fig. 8
implements the n-control Toffoli gate. By decomposing both
generalized Peres and inverse Peres gates into Toffoli gate
cascades, one can easily notice that pairs of Toffoli gates

cancel each other, thus the circuit is equivalent to n-control
Toffoli gate.

The circuit shown in Figure 8 consists of n2 +(n−1)2 =
2n2−2n+1 quantum gates and requires no ancillary lines.
This is an improvement of quantum cost in comparison with
previous works, which provided a quantum decomposition
requiring 2n−1− 3 (Lemma 7.1 in [2] and further analysed
in [12]) and 48n2 + O(n) (Lemma 7.5 in [2]) quantum
gates. All discussed quantum decompositions use the same
quantum gate library. The comparison of quantum cost
of the presented and known from the literature quantum
decompositions are presented in Table I. Results similar to
our construction for n-control Toffoli gate have been also
recently achieved in [1] usign another approach.

Presented approach applies only to quantum decomposi-
tion of multiple-control Toffoli gates without ancillary lines.
However, in the literature also cases where ancillary lines
are available are considered. Many quantum decompositions
have been presented [9–11, 17–19] for various quantum gate
libraries and different numbers of ancillary lines. In [17, 18]
a generic approach for constructing quantum circuit from
the NCVW gate library for n-control Toffoli gate with only
one ancillary line has been presented. Such approach can be
improved by replacing some of the 3-control Toffoli gates
with respective 3-control Peres and inverse Peres gates. An
example of such improvement is presented in Fig. 9. The
quantum cost of the improved design is 60, while the design
reported in [17, 18] has quantum cost 64.

TABLE I
QUANTUM COST FOR GENERALIZED MULTIPLE-CONTROL PERES AND

TOFFOLI GATES WITH NO ANCILLARY SIGNALS

Number
of control

signals

Peres
gate (our
design)

Toffoli
gate (our
design)

Toffoli
gate

[2, 12]

Toffoli
gate
[2]

2 4 5 5 n/a
3 9 13 13 n/a
4 16 25 29 n/a
5 25 41 61 n/a
n n2 2n2−2n+1 2n+1−3 48n2 +O(n)

V. CONCLUSIONS AND FUTURE WORK

In this paper a generalized n-control Peres gate has been
introduced for the first time in the literature. It has been
shown that such gate can be implemented with n2 elementary
quantum gates using no ancillary lines. The only generaliza-
tion of the Peres gate considered in the literature up to now
is the double Peres gate, which is a pair of 2-control Peres
gates [4, 13].

The future work will focus on improving known quantum
decompositions of reversible gates with presented multiple-
control Peres gates as well as their extension to the mixed-
polarity (positive and negative) control signals case for con-
structing mixed-polarity multiple-control Toffoli gates [22].
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Fig. 9. Example of the application of 4-bit generalized Peres gate to the reduction of the quantum cost of the circuit implementing 8-control Toffoli gate
with NCVW gate library and only one ancillary signal. The construction is based on the algorithm described in [17, 18], with some Toffoli gates replaced
by generalized Peres gates. Quantum cost of the above design is 60, while the best quantum cost reported in [17, 18] is 64.
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