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ABSTRACT

The ferromagnetic linewidth obtained via different rectangular cavity ferromagnetic resonance experimental data processing algorithms has
been compared. Approaches based on perturbation theory closed-form formulas, resonance frequency dispersion, Q-factor, transmitted
power, and an electrodynamic transcendental equation (TDE) have been considered. The results were compared with direct Q-factor mea-
surements in a subwavelength cavity and an electron paramagnetic resonance spectrometer. Three spherical samples, of approximately
1 mm in diameter and different saturation magnetization values, were investigated: monocrystalline gallium-substituted YIG (Ga:YIG,
50 Gs), polycrystalline aluminum-substituted YIG (Al:YIG, 380 Gs), and polycrystalline zirconium–calcium-substituted YIG (Zr,Ca:
YIG,1826 Gs). A new approach to processing rectangular cavity data, based on the TDE, has been proposed and validated. Using the pro-
posed approach, it is possible to obtain the accurate value of the linewidth in regimes where strong coupling between the sample and the
cavity does not occur but the small perturbation assumption is no longer valid either. There is also no need to decouple the sample from
the cavity. The conclusions of this work are useful for resonant characterization of not only magnetic spheres but also other shapes.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0004027

I. INTRODUCTION

Considerable advances in the understanding of the physics of
magnetic losses in magnetized gyromagnetic materials in the micro-
wave range have been made in the last decade.1,2 Undoubtedly, this
has been aided by developments in broadband characterization
techniques.3–5 Unfortunately, broadband techniques still pose certain
accuracy limitations, especially regarding low-loss samples. Assessing
losses in surrounding metals or radiation losses involves repeated
measurements,6,7 which is impractical. The development of transcen-
dental equations (TDEs) for spherical,8,9 cylindrical,10 and planar
magnetic samples11 in resonant systems paved the way for accurate
characterization of their magnetic properties, including the ferro-
magnetic linewidth (ΔH). The formulation of TDEs of spherical and

cylindrical samples has led to the discovery that the observed
dominant modes are in fact magnetic plasmon resonance (MPR)
modes. In authors’ opinion, resonant methods, the gold standard
for the characterization of the permittivity of dielectrics,12 have a
potential to become a standard for characterizing magnetic mate-
rials. Advantages of high-Q resonant cavity methods include an
enhanced interaction of the electromagnetic (EM) field with the
sample, the possibility to place the sample far away from any
metals, or remove radiation losses entirely. Recently, strip line
transmission resonators have been proposed for characterization
of films and spheres.13 However, the Q-factors of strip line resona-
tors are an order of magnitude lower than that for hollow metal cav-
ities. Also recently, a resonant method for linewidth characterization
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dedicated to narrow-linewidth spherical samples was proposed.14 It
takes advantage of the strong coupling between the sample and
cavity modes, leading to hybrid cavity magnon-polariton modes15,16

and the fact that Q�1 / ΔH�1, where Q is the quality factor of the
strongly coupled modes. Thus, a limitation of resonant cavity line-
width characterization methods has been turned into an essential
requirement.14 On the other hand, for samples which only perturb
the cavity mode, resonant measurement standards have been pro-
posed,17 which stipulate the dimensions of the cavity and a
maximum allowable level of sample absorption that can occur for
an accurate measurement. It is well known that coupling between
the sample and the cavity, which is too strong, will decrease the ΔH
measurement accuracy,18 and methods to counteract this effect, e.g.,
by tilting the cavity, have been practically demonstrated.19

The aim of this work is twofold. First, it attempts to bridge the
gap between perturbation theory (PT) methods and those requiring the
occurrence of hybrid modes by proposing a method of accurately char-
acterizing ΔH for cases when the sample strongly perturbs the cavity
mode, using a rectangular cavity of any dimensions and without having
to tilt it. Second, we set out to closely compare a number of methods
and data processing algorithms in terms of the value of the extracted
ferromagnetic linewidth. We have chosen to study spherical samples
since the appropriate transcendental equation TDE has already been
well understood, given numerous publications.8,10,14,20 Methods based
on microstrip transmission lines and cross-guide couplers have been
purposefully left out of the scope of this work as they have known
accuracy limitations.7,21,22 Section II briefly describes the samples that
have been investigated. Section III concerns three utilized experimental
methods. We have investigated six different two-port cavity data pro-
cessing algorithms, treated in Sec. IV, and proposed a new equivalent
electrodynamic model (EEM) method also described therein.

II. SAMPLES

A total of three spheres were investigated: monocrystalline
gallium-substituted yttrium iron garnet YIG (Ga:YIG), polycrystal-
line aluminum-substituted yttrium iron garnet YIG (Al:YIG), and
polycrystalline zirconium–calcium-substituted yttrium iron garnet
YIG (Zr,Ca:YIG), with saturation magnetization (4πMs) values of
approximately 50 Gs, 380 Gs, and 1826 Gs, respectively, obtained

using a Quantum Design SQUID MPMS-XL7 magnetometer.
Relatively large samples of diameters approximately 1mm were
chosen in an attempt to approach the limits of perturbation theory.
Also, a possibly wide range of 4πMs values were intentionally chosen.
Zr,Ca-doping of yttrium iron garnet YIG has the effect of increasing
4πMs above 1800Gs.23 Heavy Ga-doping allows achieving very low
values of 4πMs, at the cost of a much broader linewidth, although
moderate levels of 4πMs are possible with low increases in the line-
width.24 Al-doping lowers the saturation magnetization of pure poly-
crystalline yttrium iron garnet YIG without compromising the
linewidth.23 Resonant frequency and Q-factor predictions of perturba-
tion theory become less accurate the higher the value of 4\piMs, and
the larger the diameter of the sample with respect to the cavity dimen-
sions and wavelength is, as well as the narrower the ferromagnetic
linewidth is Fig. 1 shows close-up images of the investigated samples
taken with a Keyence VK-X1000 laser confocal microscope. The
Ga:YIG sample was optically polished, while the other ones were pol-
ished mechanically using diamond paste of grade 0.5 μm. The proper-
ties of the samples, including the arithmetical mean height (Sa)
obtained using the same microscope, are summarized in Table I. The
permittivity of all the spheres was assumed to be εr ¼ 16.

III. EXPERIMENTS

A. Resonant two-port cavity

Experiments in two-port cavities were performed using an
experimental setup used in previous work,25 consisting of a remotely
controlled vector network analyzer (VNA) and an electromagnet.
The cavity was placed between the pole pieces of the electromagnet
in a typical ferromagnetic resonance (FMR) configuration, with the
sample inside a quartz rod placed in a uniform area of the micro-
wave magnetic field, which was perpendicular to the static magnetic
field. Experiments were performed in two different TE102 resonant
cavities: one operating at approximately 5.07 GHz of dimensions
12� 39� 60:08mm3 and a Q0-factor of approximately 8200, and
the other operating at approximately 10.05 GHz of inner dimensions
12� 23� 40:11mm3 and Q0-factor approximately 8800, Q0 being
the unloaded Q-factor of the cavity with the sample at zero external
magnetic field. In all the experiments, the cavity was weakly coupled
with jS21j , �45 dB. The input power was 0 dBm. Owing to two

FIG. 1. Confocal microscope image of the (a) Ga:YIG (optically polished), (b) Al:YIG, and (c) Zr,Ca:YIG sample (both mechanically polished).
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different measurement frequencies, the gyromagnetic factor of the
samples could be assessed (see Table I). For a single cavity the exper-
imental procedure was as follows. First, the complex transmission
spectrum (S21) of the cavity with the sample was measured at
Hext ¼ 0. Then, S21 spectra were measured for a range of bias fields

in the vicinity of the resonant field, ~Hext � fcavity
γ , where γ is the gyro-

magnetic ratio for a particular sample. The resonant frequency (f )
and Q-factor were extracted from the S21 spectra using a circle-fitting
algorithm.26,27 Representative (f , Q) results vs the applied magnetic
field are depicted in Fig. 2. The different algorithms for processing
the data are described in detail in Sec. IV.

B. EPR spectrometer with single-port cavity

Linewidth measurements were also performed using a com-
mercial Bruker EMX electron paramagnetic resonance (EPR) spec-
trometer equipped with a single-port model ER 4102ST 9.38 GHz
TE102 cavity. A modulation field of 0.1 Gs at a frequency of 100 kHz
was applied. The samples were placed in a Suprasil glass tube and
could rotate freely. Following usual practice,4 the external linewidth
(ΔHext) was obtained by multiplying the peak-to-peak width of the
derivative signal by a factor of

ffiffiffi
3

p
. The raw field-swept spectra are

shown in Figs. 3–5. More information on EPR spectroscopy can be
found in the literature.28

C. Subwavelength cavity

Instead of using a resonant cavity, one can also measure the
spectral properties of the sample by directly coupling to it, since
it is in itself a (gyromagnetic) resonator.8 In order to suppress
radiation losses, the sample was placed in a cylindrical silver-
plated subwavelength cavity, similar to the one described in pre-
vious work.24 The Q-factors of the investigated samples were too
low to be measured reliably without microwave calibration.

TABLE I. Summary of the parameters of the investigated samples. 4πMs—satura-
tion magnetization, Sa—arithmetical mean height.

Sample 4πMs (Gs) Diameter (mm) g-factor Sa (μm)

Ga:YIG 50 0.965 2.14 0.7
Al:YIG 380 1.083 2.04 2.7
Zr,Ca:YIG 1826 1.024 2.01 2.2

FIG. 2. Representative results of the dependence of Q-factor and resonant fre-
quency on the external magnetic field around the MPR for the Ga:YIG sample
in the 10 GHz cavity.

FIG. 3. Derivative signal obtained for the Ga:YIG sample in a commercial EPR
spectrometer at 9.38 GHz.

FIG. 4. Derivative signal obtained for the Al:YIG sample in a commercial EPR
spectrometer at 9.38 GHz.
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Instead though, we decided to measure background-subtracted
spectra S21 ¼ S21(Hext)=S21(Hext þHoffset), in a similar way to
Klingler.29 The Q-factor could be determined with acceptable
uncertainties from such normalized complex transmission
spectra. Representative results are shown in Fig. 6. The intrinsic
ferromagnetic linewidth (ΔHint) was subsequently found as

ΔHint ¼ Hint

Q
, (1)

where

Hint ¼ Hext � 4πMs

3
: (2)

Contrary to reported results of experiments performed on spheres
using a microstrip transmission line,7 where the linewidth decreases
as the distance between the sample and metal strip increases, the
smaller the distance between the coupling loops and the sphere, the
lower the linewidth was and the more strongly it deviated from a
Lorentzian shape. This suggests that the mechanism responsible for
this is not additional losses induced in the surrounding metal, but
rather disturbances of the EM field. Thus, care was taken to keep
the coupling loops as far away from the sample as possible.

IV. RESONANT CAVITY DATA PROCESSING
ALGORITHMS

In the literature, the external linewidth (ΔHext) is almost exclu-
sively used to characterize magnetic losses in magnetized gyromag-
netic materials. However, as recent research indicates,24 the
physical properties of the sample are better described by the inter-
nal linewidth (ΔHint), related to internal magnetic fields, as it is not
implicitly dependent upon the saturation magnetization 4πMs.
Conversions from ΔHext to ΔHint were performed via the formula24

ΔHint ¼ ΔHext 1þ 4πMs

3~Hext � 4πMs

� ��1

, (3)

where ~Hext is the external magnetic field for which the Q-factor is
the lowest or the EPR spectrometer derivative signal crosses zero.
Different experimental data processing algorithms are described
in the following.

A. Perturbation theory

The (f , Q) data can be fitted to a perturbation theory PT
formula valid for a spherical sample magnetized orthogonally to
the microwave magnetic field of the cavity,14

f̂0
2 � f̂ 2

f̂ 2
¼ C

3(μr � 1)
μr þ 2

, (4)

where f̂0 ¼ f0 þ i f0
2Q0

, f̂ ¼ f þ i f
2Q, f0 (Q0) is the resonant frequency

(Q-factor) of the cavity with the sample at Hext ¼ 0, C is the per-
turbation constant, and μr ¼ μþ κ is the scalar effective relative
permeability of the magnetic plasmon resonance mode in the
sample, a parameter of which is ΔHint .

14 For each Hint , the perme-
ability μr is evaluated at the complex frequency f̂0. The fit parame-
ters are C and ΔHint . To obtain f and Q separately, one can solve
the following equations:

A ¼ f̂ 20
1þ C 3(μr�1)

μrþ2

, (5a)

Q2 � <(A)
=(A)Q� 0:25 ¼ 0, (5b)

FIG. 5. Derivative signal obtained for the Zr,Ca:YIG sample in a commercial
EPR spectrometer at 9.38 GHz.

FIG. 6. Representative results of the normalized complex transmission mea-
sured for the Al:YIG sample at approximately 10 GHz together with a circle fit.
The estimated Q-factor amounts to 79.4, with standard deviation σ ¼ 1:0.
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f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q=(A)

p
, (5c)

where < (=) denotes the real (imaginary) part.

B. Resonance frequency dispersion method

In this method, the resonance frequency of the cavity is
tracked as a function of the magnetic field.13 The difference
between the magnetic fields at the maximum and minimum fre-
quency is ΔHext .

C. Inverse Q-factor method, δ(1/Q)

The method consists in finding the full width at half maximum
(FWHM) of the following curve:

δ(Q�1) ¼ Q(Hext)
�1 � Q(0)�1, (6)

which is a measure of the power absorbed in the resonant system.18

This method will be referred to as δ(1=Q) later in the text.

D. Peak transmitted power-based methods

The relative power level corresponding to an absorption of
half the level at resonance is given in the American Society for
Testing and Materials (ASTM) norm as17

ΔPA
1=2 ¼ 20 log10 2� 20 log10 (10

ΔPmax=20 þ 1), (7)

where ΔPA
1=2 , 0 and ΔPmax . 0 is the maximum relative transmit-

ted power level drop as the magnetic field is swept across the reso-
nant field ~Hext : ΔPmax ¼ P(0)� P(~Hext). In other words, ΔPmax is
the maximum attenuation of the observed resonance. The differ-
ence of external magnetic fields corresponding to a drop in the
transmitted power level by �ΔPA

1=2 is assumed to be the linewidth
ΔHext . The linewidth found in such a way is equivalent to the
FWHM of the curve

δ jS21j�1� � ¼ jS21j�1 � jS21j�1
min, (8)

where jS21jmin is the cavity transmission at the resonance field
~Hext . For a weakly coupled cavity with symmetric coupling cir-
cuits, the coupling coefficients β ¼ β1 � β2 � 1 and, therefore,
jS21j is given by30

jS21j ¼ 2β
1þ 2β

� 2β: (9)

Finally, since β ¼ Q
Qext

,31

Q�1 ¼ 2
Qext

jS21j�1, (10)

where Qext is the Q-factor of the couplings. In view of the above,
for weak symmetric coupling, the FWHM of the 1=jS21j and 1=Q

curves ought to be equal. The connections between Eqs. (7), (8),
and (10) seem not to have been previously pointed out in the lit-
erature. Furthermore, the relative power level corresponding to
the half-maximum points of the jS21(Hext)j�2 curve is equal to

ΔPP
1=2 ¼ 10 log10 2� 10 log10 (10

ΔPmax=10 þ 1), (11)

which is very similar to Eq. (7) except that factors of 20 are
replaced with factors of 10. A related ΔHext determination
method, which seems to be customary among the microwave
engineering industry,32 is to establish the difference between the
external magnetic fields for which the peak transmitted power
level is twice larger than at the minimum,

ΔP3dB
1=2 ¼ 10 log10 2� ΔPmax: (12)

As it should be noticed, this method will fail if the drop
in cavity transmission is exactly 3 dB or less, while Eqs. (7)
and (11) will yield a result as long as ΔPmax . 0. The three
described methods will be referred to later in the text as
δ(1=jS21j), δ(1=jS21j2), and þ3 dB methods, respectively. As will
become evident later in the text, of the three methods described
in this section, only Eq. (7) will consistently yield an accurate
value of the ferromagnetic linewidth, provided the small cavity
perturbation condition applies.

E. Equivalent electrodynamic model

Although an electrodynamic transcendental equation TDE
for a ferromagnetic sphere enclosed in a spherical cavity has been
recently proposed,8 measurements using spherical cavities are
somewhat impractical. First, TEnmp modes in spherical cavities,
where n, m, and p are the elevation, azimuthal, and radial
indices, respectively, are nþ 1- fold degenerate since the mode
index m ¼ 0, . . . , n and does not influence the resonant fre-
quency.33,34 Consequently, it can be expected that any asymme-
tries of the system will lead to the appearance of spurious modes.
Second, the required diameter of a spherical cavity becomes
impractically large at low frequencies, e.g., approximately 86 mm
at 5 GHz. Rectangular TE10n cavities, where n is an even number,
permit a more flexible choice of physical dimensions while pro-
viding qualitatively the same magnetic field distribution in the
cavity center. However, in all probability, it is not possible to
formulate an analytic transcendental equation TDE for a spheri-
cal sample placed in a rectangular cavity. However, as it is postu-
lated in this paper, the complex frequencies computed using the
spherical electrodynamic transcendental equation TDE can be
fitted to rectangular cavity (f , Q) data to determine the ferro-
magnetic linewidth. The steps of the proposed method, which
will be referred to as the equivalent electrodynamic model
(EEM) method, are the following:

1. For a few consecutive TE10p modes of a spherical cavity, where
p ¼ 1, 2, . . . is the radial mode index,35 determine the linewidth
ΔH p

int for which the minimum Q-factor predicted by the tran-
scendental equation TDE is close to its experimental value,
assuming a permittivity of the medium surrounding the sample
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εd ¼ 1. For each p, choose the cavity radius and wall surface
resistance in such a way that the frequency and Q-factor match
the experimental values for Hext ¼ 0.

2. Plot the computed Q(Hext) curves against the experimental
curve (see example in Fig. 7) and pick any p ¼ p0 for which the
corresponding Q(Hext) curve is narrower than the experimental
one (p0 ¼ 2 in the said example).

3. Run a curve-fitting optimization procedure for (f , Q) simultane-
ously and the chosen radial mode index p0 in a two-dimensional
parameter space with the starting point εd ¼ 1 and
ΔHint ¼ ΔH p0

int . The procedure should converge to the actual
linewidth ΔHint with εd . 1.

The need for tuning εd arises due to the fact that for εd ¼ 1,
the spherical electrodynamic model cannot properly account for
the shape of the Q vs Hext curve measured in the rectangular
cavity (see Fig. 7). Since the EM field around the sample is very
similar for a first few cavity TE10p modes, the different shape of
the computed curves in Fig. 7 indicates that the choice of the
radial mode index p primarily influences the Hext dependence of
losses in the cavity walls. The resonant frequency of TE10p modes
in a spherical cavity of radius R entirely filled with a dielectric of
permittivity εd is given by35

f ¼ jp
c

2πR
ffiffiffiffiffi
εd

p , (13)

where jp is the pth root of J3
2
, i.e., the Bessel function of the first

kind and order 3
2. If the resonant frequency of a TE10p mode in a

spherical cavity is to be constant, an increase of permittivity εd
decreases the radius of the cavity in accordance with Eq. (13). A
decrease in the radius lowers the minimum Q-factor, which
means that a smaller cavity will be perturbed more strongly by the
sample. On the other hand, an increase of ΔHint will increase the
minimum Q-factor and simultaneously increase the width of the
Q(Hext) curve. In the weak-coupling regime where only one reso-
nant mode can be seen, the higher the ΔHint , the less it perturbs
the cavity. In view of the above, the curve-fitting optimization
procedure can arrive at the solution starting from a ΔHint nar-
rower than the actual linewidth and εd ¼ 1.

The preceding paragraph described an electrodynamic approach
to processing single-resonance data. Contrarily, when strong cou-
pling occurs, two modes appear in the transmission spectrum of
the cavity. In such a case, the ferromagnetic linewidth can be
found using a precomputed look-up table. Narrow-linewidth
specimens under strong coupling to the cavity produce peaks
whose Q-factor is high and, therefore, straightforward to measure.14

For broad-linewidth samples, it may occur though that the two reso-
nances have a relatively low Q-factor and are so closely spaced
that they resemble an almost flat resonance peak (see Fig. 8). In
such a case, the Q-factor can be found via fitting a skewed
double-Lorentzian function,36

jS21(f )j ¼ A1 þ A2f þ A3 þ A4fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 f�f01

Δf1

� �2
r þ A5 þ A6fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4 f�f02
Δf2

� �2
r , (14)

where A1,…,An are the fit parameters. The average Q-factor can

FIG. 7. Top: An illustration of the Q-factor vs Hext dependence as predicted by
the spherical electrodynamic transcendental equation TDE compared to mea-
sured rectangular cavity data for the Zr,Ca:YIG sample at 5 GHz. Assuming
cavity modes TE102 and higher, ΔHint and εd can be simultaneously fitted to the
experimental data to arrive at the true ferromagnetic linewidth (20 Oe in this
example). Bottom: Corresponding cavity resonant frequency deviation.

FIG. 8. Resonant cavity transmission spectrum with the Zr,Ca:YIG sample at
approximately 10 GHz, together with the double-Lorentzian fit given by Eq. (14).
The average Q-factor amounted to approximately 200.
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be subsequently found as

Qavg ¼ 1
2

f01
Δf1 1� S21(f01)j jð Þ þ

f02
Δf2 1� S21(f02)j jð Þ

	 

: (15)

Once Qavg is known, determining ΔHint proceeds just as for
high-Q samples.14

V. RESULTS AND THEIR DISCUSSION

As for the two-port cavity experiments, in all but one case
the results showed a typical single cavity resonance perturbed
by the sample. The main features of those experiments have
been summarized in Table II. Similarly, in the subwavelength
cavity experiments, only one resonance could be seen.
Measurements in the subwavelength cavity at higher frequencies
of approximately 18 GHz were attempted, but showed multiple
resonances, hindering the determination of the Q-factor of the
dominant mode. In all EPR spectra (Figs. 3–5), either only one
sample resonance is visible or one mode is clearly dominant.
The results of the methods for determining the ΔHint , eight in
total, have been summarized in Tables III and IV. The external
linewidth (ΔHext), returned by some of those methods, has been
converted into the internal linewidth via Eq. (3). Plots depicting
the fits via the EEM method for each cavity experiment (apart
from Zr,Ca:YIG at 10 GHz which is shown in Fig. 8) can be
found in Appendix A. Several remarks can be made about the
above results:

1. The EPR spectrometer yields a linewidth much wider than any
other method in every case.

2. The δ(1=jS21j2) method produces a linewidth lower than all the
other methods in every case.

3. In cases where the samples weakly perturb the cavity, i.e., Ga:
YIG and Al:YIG at 5 GHz, all the methods, with the exception
of the +3dB and δ(1=jS21j2) methods yield compatible results,
with discrepancies not exceeding a few percent. Particularly, the
δ(1=jS21j) method yields results compatible with other methods,
which is expected in light of Eq. (10).

4. In cases where the sample strongly perturbs the cavity but the
weak-coupling regime applies (most visibly Al:YIG at 10 GHz,
but also Zr,Ca:YIG at 5 GHz), two methods return linewidths

larger than all the other ones (not including EPR measurements).
These two methods are EEM and the subwavelength cavity
method.

5. The +3 dB method returns very inconsistent results, with the
linewidth visibly lower (Al:YIG at 10 GHz), higher (Ga:YIG at 5
GHz), or compatible (Ga:YIG at 10 GHz) with most other
methods.

That being said, the linewidth of the Ga:YIG sample mea-
sured in the subwavelength cavity at 10 GHz is somewhat higher
than all the other values; however, the measurement contains a
lot of noise and may not be reliable, in spite of the fact that the
uncertainty standard deviation returned by the circle-fitting pro-
cedure is quite low.

To better understand why most two-port cavity experiment
data processing algorithms, with the notable exception of the EEM
method, yield a lower linewidth than the direct measurement in the
subwavelength cavity, consider the results of numerical computa-
tions shown in Fig. 9. Computations of (f ,Q) vs Hext were per-
formed via the electrodynamic transcendental equation TDE for
the Al:YIG sample at 10 GHz assuming a TE102 cavity mode. The

TABLE III. Summary of the intrinsic linewidth (ΔHint) measurement results at
5 GHz. Wherever possible, measurement uncertainties are given in brackets (3 σ).

Method Intrinsic linewidth, ΔHint (Oe)

Ga:YIG Al:YIG Zr,Ca:YIG

PT 21.4 40.2 17.2
f dispersion 21.8 41.8 18.4
δ(1/Q) 22.3 40.1 18.6
δ(1/|S21|) 21.2 41.7 18.3
EEM 20.9 40.7 20.4
Sub-λ cavity 22.4(0.4) 39.5(2.4) 19.7(1.8)
+3 dB 44.4 36.0 12.0
δ(1/|S21|

2) 18.8 31.4 11.7

TABLE II. Table of the main features of the resonant cavity experiments: frequency
dispersion (difference between the maximum and minimum resonant frequency),
minimum/average Q-factor, maximum relative power level drop (ΔPmax).

Frequency Sample
f dispersion
(MHz) Min. Q ΔPmax (dB)

5 GHz Ga:YIG 0.713 5296 3.48
Al:YIG 0.797 2275 10.72

Zr,Ca:YIG 4.925 491 23.70
10 GHz Ga:YIG 0.794 3835 7.15

Al:YIG 7.063 664 20.91
Zr,Ca:YIG … 200a …

aQavg for strong coupling

TABLE IV. Summary of the intrinsic linewidth (ΔHint) measurement results at
10 GHz. Strong coupling occurred for the Zr,Ca:YIG sample; therefore, only some
linewidth extraction methods could be used for that case. Wherever possible, mea-
surement uncertainties are given in brackets (3 σ).

Method Intrinsic linewidth, ΔHint (Oe)

Ga:YIG Al:YIG Zr,Ca:YIG

PT 40.7 35.4 …
f dispersion 39.8 33.6 …

δ(1/Q) 42.6 37 …
δ(1/|S21|) 42 34.3 …
EEM 41.0 44.2 30.8

Sub-λ cavity 45.7(1.4) 42.8(1.6) 29.9(3.5)
+3dB 43.7 19.5 …

δ(1/|S21|
2) 35.4 19.7 …

EPR spectrometera 69.4 115.4 178.8

a9.38 GHz.
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generated curves were subsequently fitted to the PT equation (4).
As the linewidth assumed in the computations decreases from
100 Oe, the discrepancies between the computed and generated
curves increase, indicating that the small perturbation condition is
no longer valid. Such discrepancies are also indicated by previously
published work.14 The relative error produced by the PT method
has been depicted in Fig. 10, accompanied by errors for the fre-
quency dispersion and δ(1=Q) methods. All three approximate
methods underestimate the linewidth. As it can be seen in Fig. 10
for a ΔHint of approximately 40 Oe, the relative error is approxi-
mately �20%, which is consistent with the results shown in
Table IV for Al:YIG.

To address the observations made with regard to the trans-
mitted power-based methods, we present the relative power level
corresponding to the half-maximum values ΔPA

1=2 [Eq. (7)], ΔPP
1=2

[Eq. (11)], and ΔP3dB
1=2 [Eq. (12)] vs the maximum relative transmit-

ted power level drop (ΔPmax) in Fig. 11. All the half-maximum
values are jointly referred to as ΔP1=2 in the figure. First, for ΔPmax

up to approximately 2 dB, the values of the half-maximum points
ΔP1=2 essentially overlap and, therefore, both methods will return
very similar ferromagnetic linewidths. This is to be expected since
x2 � x for x ! 1. For greater ΔPmax, the δ(1=jS21j2) method will
erroneously produce a lower ΔP1=2, and, therefore, a narrower
linewidth. This is intuitive because jS21j2 � jS21j � 1. The course
of the +3 dB curve with respect to the δ(1=jS21j) curve allows one
to understand why the former produces such inconsistent results.
For 3 dB , ΔPmax , 6 dB, the +3 dB method grossly overestimates
the linewidth, yields compatible results for 6 dB , ΔPmax , 8 dB,
where the two curves intersect, and underestimates the linewidth
for ΔPmax . 8 dB. At even higher levels, i.e., ΔPmax . 16 dB,

the +3 dB method returns results compatible with the results of
the δ(1=jS21j2) method, which both grossly underestimate the
linewidth.

The EPR linewidth is much broader than the linewidth
obtained using other methods. We consider this to be a consequence

FIG. 9. Dependence of the Q-factor (a) and frequency (b) on the external magnetic field computed for multiple values of ΔHint using the electrodynamic transcendental
equation TDE (solid lines), respective quantities computed via Eq. (5) using C and ΔHint values fitted to the solid transcendental equation TDE curves (dotted lines). The
transcendental equation TDE computations were based on the Al:YIG sample at 10 GHz assuming the TE102 cavity mode. The fitted linewidths amounted to (in increasing
order): 20.2 Oe, 27.4 Oe, 33.7 Oe, 45.2 Oe, 56.1 Oe, and 97.8 Oe.

FIG. 10. Errors in the determination of the ferromagnetic linewidth using the
perturbation theory (PT) formula, frequency dispersion, δ(1=Q) computed using
numerical data generated via the transcendental equation (TDE) at approxi-
mately 10 GHz with sample parameters corresponding the Al:YIG sphere.
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of the violation of the small cavity perturbation assumption of the
method.37 This is in spite of the fact that the difference between the
maximum and minimum resonant frequency of the cavity in EPR
experiments did not exceed 0.5MHz.

Some final remarks should be made about the interpretation
of the errors existing in resonant methods arising due the fact that
there are two primary sources of losses present in magnetized gyro-
magnetic material-loaded resonators: conductor and magnetic.
Each type of loss has an associated Q-factor: Qc and Qm, respec-
tively. The measured Q-factor is related to Qm and Qc by

Q ¼ 1
Qm

þ 1
Qc

� ��1

: (16)

The +3 dB method produces broader linewidths as Qm increases (as
the cavity perturbation decreases) because the contribution of elec-
tric losses to the total Q-factor increases, resulting in a stronger
broadening of Q(Hext). Contrarily, the δ(1=Q) method takes the
conductor losses into account via the subtraction of Q(0)�1. What
it does not take into account, however, is the fact that Qc is not
constant and has a peak at the experimentally observed resonance.
Most importantly though, when Qm attains a low value, the
Qm(Hext) curve is distorted [see Fig. 9(a)] and only the EEM
method based on a rigorous transcendental equation TDE can cor-
rectly relate the linewidth to its shape.

The proposed EEM method has shown to be immune to high
levels of cavity perturbation, producing results compatible with subwa-
velength cavity measurements in every case. Figure 12 depicts the
dependence of the EEM-fitted ΔHint vs εd for consecutive TE101,…,104

spherical cavity modes. One can conclude that once the minimum
required radial mode order p0 is found, the results are practically inde-
pendent of the assumed p. For the 5 GHz calculations, for each radial

mode index p, the algorithm arrives at distinct values of εd ; however,
the 10 GHz calculations for TE101 as well as TE102 modes lead to εd
close to unity, which is the reason why fewer points are shown in
Fig. 12 for these cases. While the EEM method can be useful for any
sample coupling level, in the strong coupling regime,14 it is particularly
practical since it does not require knowledge of the external magnetic
field to produce sufficiently accurate results for samples with a rela-
tively low anisotropy field and g-factor close to 2. This is not the case
for weak coupling. We have verified that measurements of the
complex frequency in a rectangular cavity at three characteristic points
of maximum f , minimum f and minimum Q at unknown magnetic
fields is ambiguous, i.e., there exist an infinite set of (ΔHint ,εd) pairs
for which the electrodynamic transcendental equation TDE produces
the measured (f ,Q) values.

It is well known that the surface state of the sample can
contribute to its linewidth. This contribution increases with
increasing roughness38 and decreases with increasing 4πMs.

39

The surface roughness of the investigated samples (see Fig. 1
and Table I) correlates well with the intercept value of a linear
model applied to the ΔH(f ) data. This parameter, known as
inhomogeneous broadening, obtained from the EEM results
amounts to approximately 0.5 Oe, 9.8 Oe, and 36 Oe for the Ga:
YIG, Zr,Ca:YIG, and Al:YIG samples, respectively. The inhomo-
geneous broadening parameter is visibly higher for the Al:YIG
sample than for Zr,Ca:YIG despite a comparable surface rough-
ness presumably due to a much lower 4πMs.

VI. CONCLUSIONS

The presented work achieves two major goals. First, the fer-
romagnetic linewidths obtained via a number of two-port reso-
nant measurement processing algorithms with direct linewidth
measurements in a loop filter as well as results from a

FIG. 11. Relative cavity transmission power levels at half-maximum points,
according to Eqs. (7), (11), and (12). ΔPmax is the maximum attenuation of the
observed resonance.

FIG. 12. Dependence of the fitted intrinsic ferromagnetic linewidth (ΔHint ) on
the permittivity of the medium surrounding the sample (εd ) for the first four
assumed cavity modes (TE101,…,TE104).
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commercial EPR spectrometer have been closely compared. In par-
ticular, transmitted power-based linewidth measurement methods
have been assessed. It has been concluded that the full width at half
maximum (FWHM) of the inverse of the amplitude of the transmit-
ted power in the symmetric weak-coupling regime corresponds to
the ferromagnetic linewidth for cases when perturbation theory is
valid. Two other similar methods [+3 dB and δ(1=jS21j2)] have been
shown to produce grossly over- or underestimated results in most
cases. A group of ferromagnetic linewidth characterization methods
yielding very similar results in the regime where perturbation theory
is valid have been identified. These methods are: frequency disper-
sion, δ(1=Q), PT, and δ(1=jS21j). These methods can be also utilized
for resonant characterization of non-metallic magnetic samples of
other shapes, most notably thin films, which due to the decreased
volume are generally more likely to fall into the perturbation theory
regime. In most such cases, the role of appropriate transcendental
equations can be to determine the limitations of perturbation
theory.11 Extrinsic (non-Gilbert) linewidth contributions inherent in
the nanometer thick realm can be separated by performing measure-
ments at multiple frequencies and magnetic bias orientations with
respect to the crystallographic axes.2 Such measurements in reso-
nant cavities are possible, e.g., by utilizing higher-order modes.25 As
it should be noticed, all linewidth measurement methods validated
in this paper assume a homogeneous Polder’s permeability tensor
model, which is likely to be a poor approximation for nanometer
thick films. Future work may consider the use of first-principles
numerical simulations or different permeability models.40

Second, it has been demonstrated how electrodynamic models
of gyromagnetic materials can be utilized to extend the use of reso-
nant linewidth characterization methods beyond the limits of valid-
ity of perturbation theory, making accurate resonant measurements
of the ferromagnetic linewidth of any isotropic or weakly aniso-
tropic non-metallic sphere possible.19,41 Concretely, a EEM method
of determining the linewidth for weak-coupling cases, i.e., when
only the perturbed cavity resonant mode is visible, without the
need to decouple the sample from the cavity, has been proposed
and validated. Also, it has been shown how to extract the linewidth
from closely spaced low Q-factor modes in the strong coupling
regime. This work highlights the fact that the majority of perturba-
tion theory (PT)-based cavity resonant methods underestimate the
ferromagnetic linewidth, which, e.g., may lead to distorted pictures
of magnetic relaxation mechanisms.
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APPENDIX A: EEM METHOD DATA FITS

See Figs. 13–17, which depict the resonant frequency and
Q-factor fits via the EEM method for each cavity experiment (apart
from Zr,Ca:YIG at 10 GHz which is shown in Fig. 8 in the main text).

APPENDIX B: SUMMARY OF TWO-PORT RESONANT
CAVITY DATA PROCESSING ALGORITHMS

See Table V for a summary of each two-port cavity data pro-
cessing algorithm.

FIG. 13. Measured (points) and equivalent electrodynamic model (EEM)-fitted
(dashed lines) resonant frequency and Q-factor for Ga:YIG at 5 GHz. Assumed
radial mode index p ¼ 2.

FIG. 14. Measured (points) and equivalent electrodynamic model (EEM)-fitted
(dashed lines) resonant frequency and Q-factor for Al:YIG at 5 GHz. Assumed
radial mode index p ¼ 4.
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