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Abstract — Symmetric functions are a class of Boolean 

functions which are very important in logic circuit design and 

many other areas of computer science. Totally symmetric n-

input 1-output functions are defined as ones for which any 

permutation of n variables gives the function itself. Reversible 

functions are n-input n-output bijective mappings. Thus 

permutations of variables in reversible functions lead inherently 

to different functions. The traditional notion of symmetry can 

only be applied to their component functions. However, we 

consider a new kind of symmetry and study how it can be useful 

in the reversible circuit synthesis. 

I. INTRODUCTION 

Symmetric Boolean functions are very important in 

engineering practice, since many computing, control, and 

communications circuits are described by symmetric 

functions [41]. 

One of the problems intensively studied in logic synthesis 

is that of symmetry detection, which has applications in 

compact representation of Boolean functions as ROBDDs 

[32, 34], technology mapping [22, 24], combining 

technology-independent and technology-dependant stages of 

logic synthesis [20, 21], detecting support-reducing bound 

sets [56], ROBDD minimization [36, 42], detecting 

equivalence of Boolean functions for which input 

correspondence is unknown [4, 33, 55] and solving difficult 

instances of the Boolean satisfiability problem [1, 7]. 

In general, symmetric functions can be compactly 

represented irrespectively to the data structure selected, as 

for instance, cubes, different functional expressions, decision 

diagrams, spectra, etc. This feature reduces the memory 

required to store a function and is also useful in software 

realizations. In hardware realizations, symmetric functions 

usually require fewer gates than other functions. However, 

there are some known exceptions (e.g. parity functions). 

For these reasons, symmetric Boolean functions have been 

a subject of study from the beginning of the development of 

switching theory and logic design and are intensively 

investigated presently (see, for instance, [1, 19, 35]), the 

research providing for a theoretical background of a variety 

of applications as well as finding new applications. 

Cryptography, computational complexity and computational 

learning theory are examples of such areas with interesting 

recent results [3, 5, 23]. 

 

However, in the context of an emerging area called 

reversible computing, very few papers have been published 

on synthesizing symmetric Boolean functions [10, 25, 54]. 

This is why we have decided to investigate similarities and 

differences in using the notion of symmetry for traditional 

logic synthesis and for logic circuits subject to reversibility 

constraints. 

A gate (circuit) is called reversible if there is a one-to-one 

correspondence between its inputs and outputs. Research on 

reversible logic circuits is motivated by advances in quantum 

computing, nanotechnology and low-power design. 

Therefore, reversible logic synthesis has been intensively 

studied recently [8-13, 15-18, 26-31, 38-40, 43, 46-49, 51-

54]. The attention has been focused mainly on the synthesis 

of circuits built from the NCT library of gates, i.e. NOT, 

CNOT and Toffoli gates. 

Satisfactory reversible logic synthesis algorithms for 

arbitrary libraries of gates and arbitrary cost functions have 

not been found yet. In addition, even NCT library synthesis 

techniques developed for such circuits scale not well and 

optimal circuits not always can be found even for relatively 

small numbers of inputs and outputs. For many years only 

few exact optimal circuits have been found for n-variable 

functions with n > 3. For example, it was even not known 

what is the maximal gate count in optimal circuits 

implementing any 4-variable reversible function. Last year 

a very fast tool capable of synthesizing optimal circuits for 

any 4-variable reversible specification was finally developed 

[11] what has become a real breakthrough. With this tool it 

was possible to establish that there are 144 4-variable 

functions requiring 15 gates in their optimal circuits and that 

there exist none requiring 16 gates [12]. 

Reversible circuits are investigated mainly for their 

applications in quantum computing, low power design, 

nanotechnology and optical computing [8, 51]. Boolean 

reversible circuits can be considered as building blocks for 

quantum circuits. Reversible circuits has been also 

implemented in classic CMOS technology [2] and revealed 

significant reduction of power consumed by the circuit. It has 

also been shown [14] that the classic CMOS circuits with 

aynchronous feedback can implement some quantum 

algorithms and take the advantage of quantum computing to 

stretch the limits of the classical computation paradigms. 
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In this paper we investigate similarities and differences in 

using the notion of symmetry for traditional logic synthesis 

and for reversible logic circuits. Three main contributions 

are presented. First, we show that traditional notion of 

symmetry cannot be applied directly to reversible circuits 

because permutations of variables in reversible functions 

lead inherently to different functions. Second, we consider a 

new kind of symmetry in reversible logic circuits and show 

its relation to some issues in circuit synthesis. Namely, we 

study properties of a class of reversible functions, called self-

inverse functions, and their usefulness in the bi-directional 

reversible circuit synthesis. As many self-inverse reversible 

functions can be implemented by „palindromic” or „partially 

palindromic” circuits it seemed that it is possible to 

synthesize such circuits in an incremental way by adding the 

same gates simultaneously at both ends of the constructed 

circuit. Third, our computational results show that this 

hypothesis is not true: a large percent of self-inverse 

functions cannot be implemented by either „palindromic” or 

„partially palindromic” circuits. 

The paper is organized as follows. Section II recalls 

classical approach to symmetric Boolean (1-output) 

functions and definitions concerning balanced Boolean 

functions. Section III presents basic concepts of reversible 

Boolean functions and reversible circuits. It also contains 

a new result on totally asymmetric nature of reversible 

functions. Section IV describes recent work on synthesis of 

optimal reversible circuits. In Section V properties of self-

inverse functions are investigated. Section VI presents our 

computational results and Section VII concludes the paper. 

II. PRELIMINARIES 

Below we present basic definitions and notations used in 

the literature on symmetric 1-output Boolean functions [41] 

and on reversible functions. A completely specified n-input 

m-output function will be referred to as n*m function. 

Definition 1. A Boolean n*1 function is (totally) 

symmetric if any permutation of all its variables does not 

change the function. 

There are 2
n+1

 symmetric n*1 Boolean functions. 

Definition 2. If any permutation of a proper subset S of 

the variables of cardinality at least 2 does not change the 

function f, then f is called a partially symmetric function. If 

S = {xi, xj}, then f is symmetric with respect to xi, and xj. 

Another well-known class of Boolean functions, balanced 

Boolean functions, is related to reversible functions. Such 

functions have been studied in logic design, coding theory, 

cryptography, complexity theory, and spectral analysis. 

Definition 3. An n*n Boolean function f is balanced if it 

has an equal number 2
n-1

 of true (f = 1) and false (f = 0) input 

assignments. 

The results of an exhaustive search for all balanced 

symmetric functions up to 128 variables are presented in 

[50]. Recently, balanced symmetric functions are intensively 

studied in cryptography [4, 6]. 

Example 1. There are 70 3*1 balanced Boolean functions. 

Only four of them are symmetric, namely parity and majority 

functions and their negations: 

     x ⊕ y ⊕ z,    1 ⊕ x ⊕ y ⊕ z, 

     xy ⊕ xz ⊕ yz,   1 ⊕ xy ⊕ xz ⊕ yz, 

where ⊕ denotes XOR operation. 

There are eight 3*1 balanced Boolean functions which are 

partially symmetric with respect to each variable pair, for 

instance, 

x ⊕ y,         1 ⊕ x ⊕ y, 

xy ⊕ z,         1 ⊕ xy ⊕ z, 

x ⊕ y ⊕ xy ⊕ z,     1 ⊕ x ⊕ y ⊕ xy ⊕ z, 

x ⊕ y ⊕ xy ⊕ xz ⊕ yz,   1 ⊕ x ⊕ y ⊕ xy ⊕ xz ⊕ yz 

are partially symmetric functions with respect to x, and y. 

III. REVERSIBLE FUNCTIONS AND CIRCUI TS 

Definition 4. An n*n Boolean function is called reversible 

if it maps each input assignment into a unique output 

assignment. 

Thus any reversible function f has an inverse which will be 

denoted by f
-1

. 

There are 2
n
! reversible n*n Boolean functions. For n = 3 

this number is equal to 40,320 and for n = 4 it is equal to 

20,922,789,888,000. 

In the truth table of a reversible n*n Boolean function 

there are n input columns and n output columns. The output 

rows of such a truth table form a permutation of the input 

rows. The output columns will be called component 

functions of input variables. All component functions of 

a reversible function are balanced. 

There are constraints on using totally and partially 

symmetric functions as component functions of an n*n 

reversible function f(x1, x2, … , xn) = (y1, y2, … , yn). Let 

subsets of variables not changing the values of the 

component functions y1, y2, … , yn (see Definition 2) be 

denoted by S1, S2, … , Sn, respectively. 

Theorem 1. A necessary condition for an n*n function 

f(x1, x2, … , xn) = (y1, y2, … , yn) to be reversible is as 

follows: intersection of all sets S1, S2, … , Sn, has to be equal 

to the empty set or to an 1-element set. 

Proof. Let us assume that two variables belong to 

intersection of the sets S1, S2, … , Sn, i.e. to all these sets. It 

is equivalent to the equation: 

f(x1, … , xi-1, 0, xi+1, … , xj-1, 1, xj+1, …, xn) = 

= f(x1, … , xi-1, 1, xi+1, … , xj-1, 0, xj+1, …, xn). 

However, because any reversible function f is a bijective 

mapping then f(x1, … , xi-1, 0, xi+1, … , xj-1, 1, xj+1, …, xn) 

differs from f(x1, … , xi-1, 1, xi+1, … , xj-1, 0, xj+1, …, xn). 

Thus, the theorem holds. 

The above theorem has not been earlier formulated in the 

literature. 

So the notion of symmetry formulated in Definition 1 

cannot be directly applied to reversible functions. On the 

other hand, component functions of a reversible function can 

be totally or partially symmetric. 
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Example 2. See Table 1, where 

y1 = x1 ⊕ x2 ⊕ x3,   y2 = x1 ⊕ x2,   y3 = x1 ⊕ x3, 

y1 being a totally symmetric function and both  y2 and y3 

being partially symmetric functions. 

 
TABLE 1 

TRUTH TABLE OF A REVERSIBLE FUNCTION 

 

x3x2x1 y3y2y1 

0 0 0 

0 0 1 

0 1 0 

0 1 1 

1 0 0 

1 0 1 

1 1 0 

1 1 1 

0 0 0 

1 1 1 

0 1 1 

1 0 0 

1 0 1 

0 1 0 

1 1 0 

0 0 1 

 

In some papers algorithms for implementation of 

symmetric functions in reversible circuits is considered [10, 

25, 37, 54] However, symmetric functions in these papers 

are first embedded in reversible specifications with (usually 

many) additional inputs and/or outputs. 

Definition 5. An n-input n-output (n*n) gate (or circuit) is 

reversible if it realizes an n*n reversible function. 

In a reversible circuit fanout of each gate output is always 

equal to 1. As a consequence n*n reversible circuits can be 

only build as a cascade of k*k reversible gates (k ≤ n). 

Definition 6. A set of reversible gates that can be used to 

build reversible circuits is called a gate library. 

Many gate libraries have been examined in the literature. 

The so called NCT library consists of 1*1 NOT, 2*2 CNOT 

and 3*3 TOFFOLI gates. In this paper we will also discuss 

the usage of n*n TOFFOLI gates for n > 4 Below we define 

all these gates. 

Definition 7. 

1*1 NOT(x) gate performs the operation 

(x) → (x ⊕ 1), 

2*2 CNOT(x,y) gate  performs the operation 

(x, y) → (x, x ⊕ y), 

3*3 TOFFOLI(x,y,z) gate performs the operation 

(x, y, z) → (x, y, z ⊕ xy), 

n*n TOFFOLI(x,y,z,u) gate performs the operation 

(x1, x2, …, xn-1, xn) → (x1, x2, … , xn-1, xn ⊕ x1x2 … xn-1). 

The first four of the above defined gates (for short, 

denoted by N, C, T, Tn, respectively) invert one input if and 

only if all others are 1, passing the other inputs unchanged to 

corresponding outputs. Each of the N, C, T, Tn gates is 

invertible, i.e. equal to its own inverse. 

For any reversible function there exist many reversible 

circuits implementing it. Thus a cost function has to be 

defined to evaluate the quality of a circuit. Usually, additive 

cost functions are applied. Therefore, adding a gate to a 

circuit leads to increasing its cost. A cost of each gate type is 

often expressed as a non-zero value. The cost of the 

(hypothetically) simplest gate is assumed to be 1. 

 

 

A number of gate cost functions have been proposed. The 

simplest cost function of a reversible circuit is equal to total 

number of gates. It is called gate count (GC in short). 

Although this cost function probably would not be applicable 

to future technologies, it is used in the literature for 

comparing the quality of synthesis algorithms. Nevertheless, 

it could be treated as an approximation of practical cost 

functions for small reversible circuits. 

As was mentioned earlier, each of the N, C, T and Tn 

gates is its own inverse. Thus, once G1G2…Gn is a circuit for 

a reversible function f, then Gn
-1

…G2
-1

G1
-1

 is a circuit for f
 -1

. 

It can be shown that if G1G2…Gn is optimal for f in terms of 

gate count, then Gn
-1

…G2
-1

G1
-1

 will be an optimal circuit for 

the function f
 -1

. This property is taken into account in 

developing synthesis algorithms for revesible circuits. 

By an optimal circuit we mean the best possible 

implementation, i.e. the one having the minimal cost. The set 

of optimal circuits implementing a reversible function 

depends on a gate library and a cost function. It should be 

noted that a reversible function may have many equivalent 

optimal circuits. A database of all optimal circuits can be 

generated by building recursively new circuits from all gates 

that belong to the gate library and selecting only the circuits 

with the minimal cost after incrementing the number of gates 

in the circuits by 1. Such databases have been described in 

the literature, but only one optimal circuit is stored for each 

function [38, 43]. 

IV. SYNTHESIS OF OPTIMAL CIRCUITS 

We have generated databases of all optimal circuits for 

3*3 reversible Boolean functions for NCT library and were 

using them in our research on synthesis of reversible circuits 

[15-18, 46-49]. During this research we found all reversible 

functions requiring the maximal number of 8 gates in gate 

count optimal circuits. The databases generated by us for 

NCT library revealed another interesting property of the set 

of all optimal 3*3 circuits. Namely, the greater the size of an 

optimal circuit the greater is the number of all optimal 

circuits implementing the given function. For example, the 

maximal number of all gate count optimal 3*3 circuits is 

1264. Similar observations can be formulated with respect to 

the cardinality of the set of all (i.e. not only optimal) circuits 

implementing a given function. The above presented 

properties demonstrate how difficult is the task of finding 

exact minimal cost reversible circuits. 

In the years 2007-2009 the problem of developing 

algorithms for synthesis of all gate count optimal 4*4 

reversible circuits using NCT library have attracted attention 

of some researchers. Only in one of the publications it was 

claimed that a hash table has been constructed consisting all 

8-gate optimal circuits which potentially enables 

constructing optimal circuits up to size of 16 gates. However, 

besides one relatively simple example no experimental data 

were supplied. In addition, the example showed that the tool 

was quite slow. 

Po
br

an
o 

z 
ht

tp
://

re
po

.p
w

.e
du

.p
l /

 D
ow

nl
oa

de
d 

fr
om

 R
ep

os
ito

ry
 o

f W
ar

sa
w

 U
ni

ve
rs

ity
 o

f T
ec

hn
ol

og
y 

20
23

-0
5-

24



 

 

 

Recently, Golubitsky, Falconer and Maslov [11] presented 

the algorithm for finding a gate count optimal reversible 

circuit for any 4*4 reversible function. The algorithm is 

based on the fact that the set of all functions that have an 

optimal circuit up to 9 gates can be effectively stored in 

memory of today computers. It also relies on the fact that for 

each equivalent class of reversible functions (under 

simultaneous permutation of inputs and outputs and/or 

function inverse operation) it is sufficient to store only its 

canonical representative, so the amount of required memory 

can be reduced almost 48 times (in this way an asymmetry of 

reversible functions has been exploited). The functions in 

such database are stored in hash tables. 

The database can be used directly to find the circuit 

length for any reversible function f up to 9 gates if the 

canonical representative of function f is used for the database 

lookup. Functions that require more gates in the optimal 

circuit need additional processing to determine the length of 

optimal circuit. Namely, the algorithm relies on the fact that 

any optimal circuit for the function f can be partitioned into 

two circuits which realize functions g and r, such as: 

f = g ○ r, 

where symbol ○ denotes composition (cascade of circuits). 

The above equation can be transformed into the following: 

f ○ r
-1

 = g. 

The algorithm iterates over all functions in the database that 

have optimal circuits of length i for i = {1,…,9}, computes 

their inversions and then compose the function f with each of 

them. For the resulting function g it checks the length of the 

optimal circuit using the procedure from the beginning of the 

paragraph. If such function g with optimal circuit of length j 

has been found in the database, the length of the optimal 

circuit for the function f equals to i+j [11]. 

The above procedure provides an effective and very fast 

way of finding the length of the optimal circuit for any 4*4 

reversible function. It can also be easily extended to a fast 

algorithm for finding an optimal circuit [11]. One just need 

to store the last gate with each function in the database and 

the complete circuit can be easily constructed. 

Using the computer system with 16 AMD Opteron 2300 

MHz processors and 64GB RAM authors of [11] managed to 

create a database for n=9 and synthesize an optimal circuit 

for a given 4*4 reversible function in about 0.01s on 

average. 

We have decided to extend the method presented in [11] 

for developing a tool capable of finding all reversible circuits 

with the specified gate count implementing the given 

reversible function. The algorithm is very similar to many 

heuristic algorithms of reversible circuit synthesis described 

in the literature. In each step a reversible gate is selected and 

added at the end of the current gate cascade (see Fig. 1). It 

might be necessary to backtrack and try another gate if the 

circuit for the given reversible function has not been found 

(Fig. 2). All such algorithms rely on the criterion called 

a complexity measure to limit the search tree and avoid 

selecting gates that does not lead to right circuit [48]. 

 

Fig. 1. A general scheme of one step of a search-based algorithm 

 

Fig. 2. Example of the search tree of a search-based algorithm 

Definition 8: A partial realization of a given reversible 

Boolean function f is such gate cascade that after adding an 

additional gate (or gates) a circuit implementing the function 

f is created. 

Definition 9: A remainder function is a Boolean function 

to be implemented in a circuit that has to be added to the 

current partial realization to get a circuit implementing 

a specified reversible function. 

In Fig. 2 f 
T
 denotes the remainder function to be 

implemented after selecting G1 as the first gate of the circuit 

under construction. Note that this simple algorithm can find 

all existing reversible circuits if it will continue to run after 

finding the first reversible gate cascade. 

V. SELF-INVERTIBILITY 

Now we will introduce a concept of symmetry interesting 

from the point of view of reversible circuit synthesis. It has 

already been considered in the context of synthesis of 

quantum circuits [44, 45]. 

Definition 9. A Boolean n*n reversible function f is self-

inverse if f
--1

 = f, i.e. it is its own inverse. 

We will show how to count the number of self-inverse 

functions. However, first let us first remind some basic 

notions from theory of permutations. 

Let A be any set of numbers. A permutation on a set A is a 

bijective mapping from A to itself. It is well-known that 

every permutation can be considered as a collection of 

disjoint cycles. We will write a cycle in the form <a1, a2, ... , 

ak>, meaning that a1 is mapped onto a2, ... , ak is mapped 

onto a1. The number of elements in a cycle is called the 

length of the cycle. A cycle <a1, a2, ... , ak> could be written 

in different ways, e.g. <a2, a3, ... , ak, a1>. We have chosen 

the unique notation in which a1 is the smallest of all numbers 

in the cycle. 

Definition 10. The cycle structure of a permutation is a 

sequence of its cycle’s lengths ordered in a monotonically 

non-increasing way. 

Po
br

an
o 

z 
ht

tp
://

re
po

.p
w

.e
du

.p
l /

 D
ow

nl
oa

de
d 

fr
om

 R
ep

os
ito

ry
 o

f W
ar

sa
w

 U
ni

ve
rs

ity
 o

f T
ec

hn
ol

og
y 

20
23

-0
5-

24



 

 

 

Let us consider permutations on a set of k elements, let C 

denote a cycle structure, and let pi is the number of i-cycles 

in C. A general formula for counting the number of 

permutations in the cycle structure C [17, 18] is equal to 

 

( )

∏
=

=
k

i

i

p
pi

k
CN

i

1

!

!
 

 

Self-inverse functions have very simple representations, 

similarly as symmetric n*1 Boolean functions. Namely, it is 

easy to note that all permutations corresponding to self-

inverse reversible functions have cycles of length 1 or 2. 

Thus they can be described in a very simple way, e.g. as a 

list of their 2-cycles. So the formula for the number of all 

permutations corresponding to n*n self-inverse functions is 

as follows 

 

( )
!2!

!

21
2 pp

k
CN

p ⋅⋅
= , 

 

where k = 2
n
. 

Tables 2 and 3 give distribution of the numbers of n*n 

self-inverse reversible functions over cycle structures for n = 

3 and 4, respectively. 

 
TABLE 2 

DISTRIBUTION OF SELF-INVERSE 3*3 REVERSIBLE FUNCTIONS 

OVER CYCLE STRUCTURES 

 

Cycle structure Number of functions 

1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 28 

2 2 1 1 1 1 210 

2 2 2 1 1 420 

2 2 2 2 105 

Total 764 

 
TABLE 3 

DISTRIBUTION OF SELF-INVERSE 4*4 REVERSIBLE FUNCTIONS 

OVER CYCLE STRUCTURES 

 

Cycle structure Number of functions 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 120 

2 2 1 1 1 1 1 1 1 1 1 1 1 1 5,640 

2 2 2 1 1 1 1 1 1 1 1 1 1 120,120 

2 2 2 2 1 1 1 1 1 1 1 1 1,351,350 

2 2 2 2 2 1 1 1 1 1 1 7,567,560 

2 2 2 2 2 2 1 1 1 1 18,918,900 

2 2 2 2 2 2 2 1 1 16,216,200 

2 2 2 2 2 2 2 2 2,027,025 

Total 46,206,736 

 

  Table 4 shows the comparison of the number of n *n 

self-inverse  functions with the number of all n *n reversible 

functions for n = 3 and 4. 

 

TABLE 4 

NUMBER OF 3*3 AND 4*4 SELF-INVERSE REVERSIBLE 

FUNCTIONS 

 

n 

# self-inverse 

functions of n 

variables 

# reversible functions of n 

variables 

3 764 40,320 

4 46,206,736 20,922,789,888,000 

 

 

 
            a) 

 

 
            b) 

 
Fig. 3. Two gate count optimal reversible circuits implementing the 

same self-inverse 4*4 function: a) a totally asymmetric circuit, 

b) a partially palindromic circuit 

Besides the simplicity of representation some of the self-

inverse functions have complex optimal reversible circuits. 

Let us consider the case of 4*4 functions. It has been shown 

that there are 144 4*4 reversible functions requiring 15 gates 

in their optimal circuits and that there exist none requiring 16 

gates [12]. Using our tool for generating optimal gate count 

4*4 circuits we have found self-inverse functions requiring 

as many as 14 gates in their optimal circuits (see Fig. 3) so 

very close to the maximum of 15 gates. These properties of 

self-inverse functions, simplicity of description and 

complexity of physical realization of some of them are 

similar to the properties of symmetric functions. 

One might expect that a circuit implementing a self-

inverse function should be symmetric (i.e. the mirror image 

of this circuit should be the same as the circuit itself). 

However, in most cases it is not so. 

Theorem 2. Any circuit implementing a self-inverse 

reversible function g is either asymmetric or can be 

decomposed into H K H
-1

, where K is a single gate or an 

asymmetric circuit. 

Proof. Let us assume that a circuit implementing g can be 

decomposed into such two halves, that the first one realizes a 

certain function h, and the second one realizes the function h
-

1
. However, such a circuit implements the function hh

-1
 , i.e. 

the identity function, instead of the function g. As the above 

assumption is false it means that the circuit is either 

asymmetric or partly symmetric as stated in the theorem. 
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Let us call K a minimal kernel if there not exist another a 

circuit H L K’ L
-1

 H
-1

 realizing g, with the number of gates in 

K’ less than in K. The whole circuit shown in Fig. 3a is a 

minimal kernel. In the circuit shown in Fig. 3b only the two 

gates in the middle form a minimal kernel. A circuit is 

palindromic if it can be decomposed into H K H
-1

, where K 

is a single gate. If the subcircuit K consists of more than one 

gate, we will call the circuit partially palindromic. 

VI. EXPERIMENTAL RESULTS 

 

From the database of all 3*3 optimal reversible circuits we 

selected all circuits implementing 763 nontrivial self-inverse 

reversible functions (excluding the identity function). For 

each of these functions we have chosen partially palindromic 

circuits with a minimal kernel. Then we partitioned the 

functions with respect to the number of gates in the partially 

palindromic prefix/suffix. For all 3*3 self-inverse function 

four such groups have been found. It can be noticed in 

Table 5 that the number of 3*3 self-inverse functions which 

have only asymmetric circuits is relatively high – 246 out of 

763 (32%), see the first row in Table 5. Also the number of 

gates in minimal kernels of partially palindromic circuits for 

optimal 3*3 circuits is high if we take into account that the 

highest gate count for optimal 3x3 circuits is 8. This 

experiment shows that palindromic or partially palindromic 

circuits for a given self-inverse function, if found, usually 

have higher gate count than the optimal circuit. 

Summarizing, self-inverse functions are not useful for 

optimal synthesis of reversible circuits. 
 

TABLE 5 

DISTRIBUTION OF SELF-INVERSE 3*3REVERSIBLE FUNCTIONS 

OVER THE SIZE OF PARTIALLY PALINDROMIC PREFIXES 

AND SUFFIXES 

 

# gates in 

partially 

palindromic 

prefix/suffix 

# functions 
size of minimal  

kernel 

0 246 1-7 

1 252 1-6 

2 226 1-4 

3 39 1-2 

VII. CONCLUSIONS 

In this paper we have studied similarities and differences 

in using the notion of symmetry for traditional logic 

synthesis and for reversible logic circuits. We showed that 

traditional notion of symmetry cannot be applied directly to 

reversible circuits. Then, we considered a new kind of 

symmetry in reversible logic circuits. Namely, we studied 

properties of a class of reversible functions, called self-

inverse functions, and their usefulness in  reversible circuit 

synthesis. Unfortunately, the experimental results presented 

in the paper indicated that a large part of self-inverse 

functions cannot be implemented by either palindromic or 

partially palindromic circuits. 
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